CHAPTER 6

Section 6.1
1.
a  Weusethe sample mean, X to estimate the population mean 17 .
=x= % = 21980 _g 1457
n

b. We usethe samplemedian, X = 7.7 (the middle observation when arranged in
ascending order).

1860.94 - (21281
26

=1.660

c. Weusethe sample standard deviation, S= NS = \/

d. With“success’ = observation greater than 10, x = # of successes = 4, and

p=X=-4=1481

n 27

e. Weusethe sample (std dev)/(mean), or § == =.2039
X .

A . 10
a  WithX =#of T'sin the sample, the estimator is p =2;X =10, so p =5,=.50.

. 16
b. Here, X =#insamplewithout TI graphing calculator, and x = 16, s0 P = 2—0 =.80
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Chapter 6: Point Estimation

We use the sample mean, X =1.3481

Because we assume normality, the mean = median, so we also use the sample mean
X =1.3481. We could also easily use the sample median.

We use the 90" percentile of the sample:

M+ (1.28)S = X +1.28s =1.3481 +(1.28)(.3385) =1.7814.

Since we can assume hormality,

15- X9 aaz 1.5-1.3481p

P(X <1.5)» PEZ < 0-pf7 « 2" —""-0-p(z < .45) = 6736
e ] e 3385 g
The estimated standard error of X = S -S- ﬁ =.0846
N T

2
N NG S S
b V(X-V)=V(X)+Vv(7)=s2+s2=21 432
n n
== s? s?
Sy =4VIX-Y)= ~1 +Z2: Theestimatewould be
n.
2 SZ ) 2 ) 2
S =J166 + 2104 _ a7
n n, 27 20
. 2100 a9
s, 21
d. V(X-Y)=V(X)+V(Y)=s 2 +s2 =166 +2.104° = 7.1824
N =5,000 T =1,761,300 _
y=3746 X=3406 d =340
g, = NX = (5,000)(340.6) = 1,703,000
q, =T - Nd =1,761,300- (5,000)(34.0) = 1,591,300
~ X 0 a340.60 _
ds =T —I= 1, Q
Vo 74.6ﬂ
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Chapter 6: Point Estimation

Let ¥, =In(Xx ) for1=1,.., 31 Itiseasly verified that the ssmple mean and sample sd
of the y;'S are Y = 5.102 and S, =.4961. Using the sample mean and sample sd
toestimate IT and S , respectively, gives M=5.102 and S =.4961 (whence

S? =5, =.2461).

é s?i . -
E(X)° expém+7Q. Itis natural to estimate E(X) by using M and S % in place of
e u
M andS 2in'[hisexpron:
- A 2461y
E(X) = exp §5.102 + a = exp(5.225) = 185.87
ax 1206
m=X= ax 1206 =120.6
n 10
" =10,000 i = 1,206,000

8 of 10 housesin the sample used at least 100 therms (the “ successes’), so
p=2==.80.
The ordered sample values are 89, 99, 103, 109, 118, 122, 125, 138, 147, 156, from

_ ) Lo - 118+122
which the two middle valuesare 118 and 122, so m= X = ———— =120.0

With g denoting the true proportion of defective components,
. _ (#defectivein.sample) _ 12
g=1 Ple) 12 150

sample.size 80

R 8¢
P(system works) = p?, so an estimate of this probability is p? Ig‘g—og =.723
eovg
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10.

11.

Chapter 6: Point Estimation

E(X) =m=E(X) =1 ,so X isanunbiased estimator for the Poisson parameter
| & % = (0)18) + (1)(37) +...+ (7)(1) = 317, sincen =150,

r=x=3Y o1
150

S5 =S— =£,sotheestimatedstandarderroris I— 211
n n n /150

2

2
E(X?) =Var (X) +[E(X)]? =5 5 M7, so the bias of the estimator )?ziss—;
n n

thus X ? tendsto overestimate M’ .

2
E(X? - ks?) = E(X?) - KE(S) = nf + S~ ks %, sowih k =+,
n n

E(X? - kS?) = .

&, X,0 1 1
Eet. Z2x= —g(x,)- —E(X,)== Sl =
n hi (X,) o (X2)= (nlpl) 2 = (0,p,) = p, -
6 1o @l ¢
Varg—t- 2+ —Var —+Var Zi= T Var(X,) +&—= Var(X,)
gm n, & 5 Eng Y TER S i
: ( 1|010ﬂ) 2 ( zpzqz) prlloﬂ Pl , and the standard error is the square

2 1 2
root of this quantity.

with p, 2%, G, =1- p.. P, 2%, g, =1- P,, theestimated standard error is
2
54 B
nl n2
. .. 127 176
- =—-—=.635- .880=-.245
(b~ P2)= S5 555

208



12.

13.

14.

15.

&X 0 ~
a E(X?) =29 impliesthat Eg—i:q . Consider q =

Chapter 6: Point Estimation

(:635)(-365) , (880)(120) _ .
200

ol - 05 + (0, 9810 (1) (.- )

E 27D (g2
g- n+n,- 2 H n+n,-2 (8)+ n,+n,- 2 (%)
- (nl'l) s 2+ (nz'l) s2=g2
n+n,-2 n+n,- 2
E(X) = & x>&(1+ X)dX:X_ZJ,ﬁl -1 E(X):E
(0 RS ACaA®! 2 6 30 3q

-1

E(R) =30 G=3Xp E@)=EEX) =300 = =g
e3g

a. min(x) =202 and max(x) = 525, so the estimate of the number of planes manufactured is

max(%) - min(x) + 1=525— 202 + 1= 324,

b. Theestimatewill equal the true number of planes manufactured iff min(x) =a and

max(x) = b, i.e., iff the smallest serial number in the population and the largest serial
number in the population both appear in the sample. The estimator isnot unbiased. This
is because max(x;) never overestimatesb and will usually underestimate it ( unless

max(%) = b) , so that E[max(x)] <b. Similarly, Efmin(x)] > a ,s0 E[max(x) - min(x)] <
b-a+1; Theestimatewill usualy be smaller thanb - a + 1, and can never exceed it.

2 Q

Xi2
. Then

@) c &g X2 0 aE( ) an
§ 2n E 2n 2n
unbiased estimator for g .

_2nq _
=q, |mply|ngthatq isan
2n

1490.1058

b. Q@ X* =1490.1058, s0q = o = TAS05
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Chapter 6: Point Estimation

16.
a  EldX +(@1- d)¥]=dE(X) +(1- d)E(Y) =dm+(1- d)m=m
2 2 _d)2e 2
b Var[dX +(1- d)¥]=dVar (X)+ (- d)?Var(v) =35 4 4d-d)'s~
m n
2 ) 2
Setting the derivative with respect to d equal to 0 yields s +8(1 d)s =0,
m n
_ 4m
fromwhichd = .
A4m+n
17.
~_ ¢ r-1 ax+r-10
E =3 =xp" ¥1- X
» EP=a 7% )
g (x+r-2)_ ., L S aH+r-20 N
= A2 xp" Tt Aq1- = P (1
a o P {1- p) CYRNEE - p)
¥
= p& nb(x;r - 1, p) = p.
x=0
" 5-1 4
b. Forthegi X =5, = =—= 444
or the given sequence, X SOp 5+5_1 9
18.
Ex-m?/ ¢
1 g ASH 2 1
a f(xms?)= e 5 so f(Mms?) =———— and
J2ps J2ps
2 2
1 _2ps :Bxs—;sinceg>l Var (X) >Var (X).
AN[f(M]* 4n 2 n 2
_ 2
b, f(m) =< soVar(X)»P_ =247
p an n
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Chapter 6: Point Estimation

19.

a | =5p+.15p 2l =p+3,s0p=2 - 3and p=2 - .3=2€é—(9- 3

éng
the estimate is 2(?2—09- 3=.2.
€80 g
b. E(P)=E(2" - 3)=2E(")- 3=2 - 3= p, asdesred
c. Here | :7p+(3)(3)' SO p:E| -iandﬁzgﬁ_g- i
7 70 7éng 70

Section 6.2
20.

éam0 !
a.  Wewish to take the derivative of In ipx(l- p)n g

u
U, set it equal to zero and solve
SXX g 0

d é amo U X n-x
for p. —élng =+ xln(p)+(n- X)In(l- p)uZ—- —— setting thisequal to
dpg &Xgy g b 1-p
zero and solving for pyields P =—. Forn=20andx=3, p =— =.15
b. E(p)= EéﬁiQ:EE(X):l(np): p; thus P isan unbiased estimator of p.
eng n n

c. (1-.15)° =.4437
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22.

Chapter 6: Point Estimation

= b xc @+ 2 %ana E(X 2) =var (X) +[E(X)]? = b2CE +22 sothe
e ag e ag

" ~ _ ~ 1 .
moment estimators@ and b arethesolutionto X = b ><C;ﬁ_+ 79
e ag
1 ~ 26 ~ X .
—é Xi2 = bzcﬁ+79. Thus b = ————— ,soonce @ has been determined
n e ag + =9
¢ dg
1o V2 "2 2 106
G§+——|se\/aluatedand b then computed. Since X*=b%xG gf[+—A+,
e e ag
20
—aA oz " — , 0 this equation must be solved to obtain a .
X 5 10
G+
e ag
i+ 22 cf+ 29
1 &46,5000 e ag 1 @ ag
Froma, 2—0(; 2807 5 1.05 1o 1 G = T and
€ GZ$+79 ' +29
e ag e ag
1 - ~ X 280

fromthehint, —=.2P a =5. Then b =

a q12) dL2)

E(X) = éx(q +1)quX -+l =1- 1 , S0 the moment estimator Ci isthe
q+2 q+2

f (X0 %,30) = (@ +2)" (%, %,...X, )" , so the log likelihood is
nln(q +1)+qé In(>q). Takingdi and equating to O yields
q

q%lz-am(x.) q _-_OW 1. Taking |n(Xi)foreachgiven X;

yields ultimately q = 3.12.
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23.

24.

25.

26.

Chapter 6: Point Estimation

For a single sample from a Poisson distribution,

R | i ax
f (X X1 ) =2 et et
X! X! P ARS &
In[f (%, ;1 )] =-nl +& x In(1)- & In(x,1). Thus
dil[ln[f(xl,...,xn;l )]]=-n+ al A =0Pb |A=ﬂ=i. For our problem,
n

f(Xl,...,Xn,yl...yn;I ol 2) isaproduct of the x sample likelihood and they sample

likelihood, implying that | , =X,|", =y, and (by the invariance principle)
(Il' | 2):)_(' y.

& G- o)

We wish to take the derivative of In g ipr 1 with respect to p, set it equal
2

e en end

. X
d é ax+r-16 u r X

to zero, and solvefor p: — @n =+rin( p)+xIn(1- pg=—- — .
BEE x g a P 1-p

~ r
Setting this equal to zero and solving for pyields p = ——. Thisisthe number of
r+x

successes over the total number of trials, which is the same estimator for the binomial in

~ r
exercise 6.20. The unbiased estimator from exercise 6.17is P = —1 which is not the
r+x-

same as the maximum likelihood estimator.

a M=X=3844s>=39516,s0 lé (x - X =52 :%(395.16): 355.64
n

and S =+/355.64 =18.86 (thisisnot s).

b. The95" percentileis M +1.6455 , sothemleof thisis (by the invariance principle)
n+1.6455 =415.42.

Themleof P(X £ 400) is (by the invariance principle)
00- Mg 00- 384.44
p@O-Mo_ & 2= F(80)=.7881
e s ] e 1886 g
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Chapter 6: Point Estimation

27.
a-1_-Sx/b
XX, ... X e
a f(xl,...,xn;a,b):( 172 “)n , so the log likelihood is
b™G"()
[o]
: d d
(@-1q In(x)- aAX In(b)- ninGla ). Equating both — and — to
b da db
[¢]
d . _ha
oyields § In(x )- nin(b)- n—da) =0 and d 2(1 =—=0,avery
da b b
difficult system of equationsto solve.
ax
b. From the second equationina, T =na P X=ab =m,sothemleof IT is
m=X.
28.
ax O aX O expl- Sx*/2q
a g—lap[- X’ /2q]:..g—“e<p[— xn2/2q]f— (%%, ) | - J The
eq 2 eq a q
- - S
natural log of the likelihood function is In(Xi ...Xn)- nln(q)- . Taking the
o . . n i2 SXi2
derivative wrt ¢ and equating to O gives - — + > = 0,song = and
a 2
Sx? - 2
q= 2' . Themleistherefore ¢ = —— , whichisidentical to the unbiased
n
estimator suggested in Exercise 15.
, _ é- x%0 ,
b. For x> 0thecdf of X if F(x;q) = P(X £ X) isequal to 1- &Xpg——(- Equating
€2 q
é x%0
thisto .5 and solving for x givesthe medianintermsof : .5= eXp g——(implies
e
- X2
that In(.5) = , 50 X =M=4/1.38630. Themleof I istherefore
Zs|
(1.3863 )
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Chapter 6: Point Estimation

29.
a.  Thejoint pdf (likelihood function) is

i|ne'sta) y s x 3
f(X, ., n’l’q) 1 q 'n q

| 0 otherwise
Noticethat X, 3 q,....X, 2 q iff min(x )3 q,
andthat - | S(x, - q)=-1Sx +nlq.

11 "exp(- | S Jexp(nl min (x )3

Thusl|kel|hood—| p( ') p( q) ) (X') d
7 0 min (x ) <g
Consider maximization wrt ( . Because the exponent Nl q is positive, increasing
will increase the likelihood provided that min ()(i ) 3 (; if wemake ( larger than
min (x, ), the likelihood dropsto 0. Thisimpliesthat themleof @ isq = min (x ).

Thelog likelihoodisnow nin(1 ) - | S(Xi - q). Equating the derivativewrt | to 0
n n

Sk-a) S -nd

. . 10
b. G =min(x)=.64, and Sx =55.80 50| =— 0 = 202
q (%) ana =% *' T55.80- 64

and solving yields | =

30.  Thelikelihoodis f (y; n, p):a&;gpy(l- p)"" where
2

— — 24 ix — 24 A_Y ; ;
p=P(X3 24)=1- Q | e “dx=¢e" . Weknow p =-=, soby theinvariance
n

principle e 2% = y P I [l ( )] =.0120 forn=20,y = 15.

Supplementary Exercises

-60

31. qu_rd>e):P()T- m>e)+P()T- m< - e Pg;/J_ S/«/_z+PgS /«/_ S/«/_ra
_\/ﬁe ,\/—e ¥ 1 Jrers 1

—PZ>——+PZ< e %z +

s 5 Sv(ke/s@ 04\/5

L e?ig=0,

Ny

2
e *'%dz.

¥
AsN® ¥  bothintegrals ® Osmcel (‘)
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32.

33.

34.
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sp
a F(y)=PY£y)=P(X,£y,..X, £y)=P(X, £y)..P(X, £y)= %%

n-1
for OEy £(q,so fY(y)Z ny

n

", _.n oty _ n+l,
b. E(Y)= va dy—n q.Whlleq—Y|snotunb|ased,TY|s,smce

en+1 u_ n+1 () n+l n

, doesthetrick.
Sn H n n+1 n

Let x; = thetime until the first birth, x, = the elapsed time between the first and second births,
andsoon. Then f(X,,...,x,;l )=l e 2 Je?*%..(nl Je™* =nll "e’' % Thus

d
thelog likelihood is In(n!) + nin(l )- | Skx, . Taking T and equating to 0 yields

. Forthegivensample, n =6, x; =25.2, % =41.7—252=16.5x =9.5,% =

a kx
k=1
6
43,%=40,% =230 g kx =(1)(25.2) + (2)(16.5) +...+ (6)(2.3) =137.7 and
k=1
T=_% - o436
137.7

MSE(KS?) = Var (KS?) + Bias(KS?).
Bias(KS?) = E(KS?)-s 2 =Ks 2-s 2 =s 2(K - 1), and

Var (KS?) = K Var (S%) = KZ(E[(SZ)Z]- [E(Sz)]z)z 284n+1)5 4 ( )

Q- |O=

2U d
—g—+ (k - 1) (& - Tofindtheminimizing value of K, take d_K and equate to 0;
u

n-1
theresultis K = —1 ; thus the estimator which minimizes M SE is neither the unbiased
n+
- 1
estimator (K = 1) nor themle K = ——
n
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Chapter 6: Point Estimation

X 235 263 280 282 294 295 306 316 339 493
257 258 264 210 275
235 | 235 249 5 5 5 26.5 5 5 287 364
211 2712 278 284 289
26.3 26.3 5 5 5 279 5 5 301 378
280 280 281 287 2875 203 298 3%9 32'6
282 282 288 288 204 299 3]5"0 327
204 204 2945 300 305 3%6 32'3
295 295 3(5)'0 3%5 317 394
30.6 306 311 22 399
5 5
327 404
316 316 5 5
339 339 416
49.3 49.3

There are 55 averages, so the median isthe 28" in order of increasing magnitude. Therefore,
=295

With & x =555.86 and § X =15,490, s=+/s? =+/2.1570 =1.4687. The

X, - X|'s are, inincreasing order, .02, .02, .08, .22, .32, .42, 53, 54, .65, .81, 91, 1.15,
1.17,1.30,1.54, 1.54, 1.71, 2.35, 2.92, 3.50. The median of these valuesis
(81+.91)

= .86 . The estimate based on the resistant estimator is then 6325 =1.275.

Thisestimate isin reasonably close agreement with s.

)
dg)x[&H

squareroot in E(S), leavingjustS . Whenn=20, C =

LeaC= . Then E(cS) = cE(S), and ¢ cancels with thetwo C factors and the

G(9.5)

qlo) %2
d9.5) = (8.5)(7.5)...(1.5)(.5)d.5) , but G(.5) =/p . Straightforward calculation
givesc=1.0132.

. J10)=9 and
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38.
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Thelikelihood is
1 _(xi-mp) 1 _(yi-m) 1
7

e 2s X e 32

1 lzpsz \’2{)82 (2ps 2)”

- m B+S(y,- d
likelihood is thus - nIn(Zpsz)- (S()ﬂ mf f(y' m)z). Takingd— and equating to
m

Bli-m)?esly-m 28
e x* . Thelog

Us

2s

~ X Y, ~
zero gives M = Y . Substituting these estimates of the IM'S into the log
likelihood gives
Bw XtVO, g@® X+Y60
- nin{2ps ?)- 163 & - = +acy - T
- 2 g T8 2 g5
d
=- nIn(ZpS 2)- ( (X - y,) ) Now taking 02 , equating to zero, and
S

solving for S 2 givesthe desired result.

" 1
Els )=—
(s) 4n

E(s(xi - Y)z):%ﬁE(Xi - Y), but

E(X, - Y)* =V (X, - ¥) +[E(X, -
2

Els?)= iS(Zs ?) =L ons 2 =3 o themleisdefinitely not unbiased; the
4n 4n 2

Y)]2 =252+0=25 2. Thus

expected value of the estimator is only half the value of what is being estimated!
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