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CHAPTER 5 
 

Section 5.1 
 
1.  

a. P(X = 1, Y = 1) = p(1,1) = .20 
 
b. P(X ≤ 1 and Y ≤ 1) = p(0,0) + p(0,1) + p(1,0) + p(1,1) = .42 
 
c. At least one hose is in use at both islands.  P(X ≠ 0 and Y ≠ 0) = p(1,1) + p(1,2) + p(2,1) 

+ p(2,2) = .70 
 
d. By summing row probabilities, px(x) = .16, .34, .50 for x = 0, 1, 2, and by summing 

column probabilities, py(y) = .24, .38, .38 for y = 0, 1, 2.  P(X ≤ 1) = px(0) + px(1) = .50 
 
e. P(0,0) = .10, but px(0) ⋅  py(0) = (.16)(.24) = .0384 ≠ .10, so X and Y are not independent. 

 
 
2.  

a.  
    y    
 p(x,y) 0 1 2 3 4  

 0 .30 .05 .025 .025 .10 .5 
x 1 .18 .03 .015 .015 .06 .3 
 2 .12 .02 .01 .01 .04 .2 

  .6 .1 .05 .05 .2  
 

b. P(X ≤ 1 and Y ≤ 1) = p(0,0) + p(0,1) + p(1,0) + p(1,1) = .56  
= (.8)(.7) = P(X ≤ 1) ⋅ P(Y ≤ 1) 

 
c. P( X + Y = 0) = P(X = 0 and Y = 0) = p(0,0) = .30 
 
d. P(X + Y ≤ 1) = p(0,0) + p(0,1) + p(1,0) = .53 

 
 
3.  

a. p(1,1) = .15, the entry in the 1st row and 1st column of the joint probability table. 
 
b. P( X1 = X2 ) = p(0,0) + p(1,1) + p(2,2) + p(3,3) = .08+.15+.10+.07 = .40 
 
c. A = { (x1, x2): x1 ≥ 2 + x2 } ∪  { (x1, x2): x2 ≥ 2 + x1 } 

P(A) = p(2,0) + p(3,0) +  p(4,0) + p(3,1) +  p(4,1) + p(4,2) + p(0,2) + p(0,3) + p(1,3) =.22 
 

d. P( exactly 4) = p(1,3) + p(2,2) + p(3,1) + p(4,0) = .17 
P(at least 4) = P(exactly 4) + p(4,1) + p(4,2) + p(4,3) + p(3,2) + p(3,3) + p(2,3)=.46 
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4.  
a. P1(0) = P(X1 = 0) = p(0,0) + p(0,1) + p(0,2) + p(0,3) = .19 

P1(1) = P(X1 = 1) = p(1,0) + p(1,1) + p(1,2) + p(1,3) = .30, etc. 
 

x1 0 1 2 3 4 

p1(x1) .19 .30 .25 .14 .12 

 
b. P2(0) = P(X2 = 0) = p(0,0) + p(1,0) + p(2,0) + p(3,0) + p(4,0) = .19, etc 
 

x2 0 1 2 3 

p2(x2) .19 .30 .28 .23 

 
c. p(4,0) = 0, yet p1(4) = .12 > 0 and p2(0) = .19 > 0 , so p(x1 , x2) ≠ p1(x1) ⋅ p2(x2) for every  

(x1 , x2), and the two variables are not independent. 
 
 
5.  

a. P(X = 3, Y = 3) = P(3 customers, each with 1 package)  
= P( each has 1 package | 3 customers) ⋅ P(3 customers) 
= (.6)3 ⋅ (.25) = .054 

 
b. P(X = 4, Y = 11) = P(total of 11 packages | 4 customers) ⋅ P(4  customers) 

 Given that there are 4 customers, there are 4 different ways to have a total of 11 
packages: 3, 3, 3, 2 or 3, 3, 2, 3 or 3, 2, 3 ,3  or 2, 3, 3, 3.  Each way has probability 
(.1)3(.3), so p(4, 11) = 4(.1)3(.3)(.15) = .00018 

 
 
6.  

a. p(4,2) = P( Y = 2 | X = 4) ⋅ P(X = 4) = 0518.)15(.)4(.)6(.
2
4 22 =⋅
















 

 
b. P(X = Y) = p(0,0) + p(1,1) + p(2,2) + p(3,3) + p(4,4) = .1+(.2)(.6) + (.3)(.6)2 + (.25)(.6)3 

+ (.15)(.6)4 = .4014 
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c. p(x,y) = 0 unless y = 0, 1, …, x; x = 0, 1, 2, 3, 4.  For any such pair,  

p(x,y) = P(Y = y | X = x) ⋅ P(X = x) = )()4(.)6(. xp
y
x

x
yxy ⋅







 −  

 
py(4) = p(y = 4) = p(x = 4, y = 4) = p(4,4) = (.6)4⋅(.15) = .0194 

py(3) = p(3,3) + p(4,3) =  1058.)15)(.4(.)6(.
3
4

)25(.)6(. 33 =







+  

py(2) = p(2,2) + p(3,2) + p(4,2) = )25)(.4(.)6(.
2
3

)3(.)6(. 22








+  

 2678.)15(.)4(.)6(.
2
4 22 =








+  

py(1) = p(1,1) + p(2,1) + p(3,1) + p(4,1) = )3)(.4)(.6(.
1
2

)2)(.6(. 







+  

 3590.)15(.)4)(.6(.
1
4

)25(.)4)(.6(.
1
3 32 =








+








 

py(0) = 1 – [.3590+.2678+.1058+.0194] = .2480 
 
 
7.  

a. p(1,1) = .030 
 
b. P(X ≤ 1 and Y ≤ 1 = p(0,0) + p(0,1) + p(1,0) + p(1,1) = .120 
 
c. P(X = 1) = p(1,0) + p(1,1) + p(1,2) = .100; P(Y = 1) = p(0,1) + … + p(5,1) = .300 
 
d. P(overflow) = P(X + 3Y > 5) = 1 – P(X + 3Y ≤ 5) = 1 – P[(X,Y)=(0,0) or …or (5,0) or 

(0,1) or (1,1) or (2,1)] = 1 - .620 = .380 
 
e. The marginal probabilities for X (row sums from the joint probability table) are px(0) = 

.05, px(1) = .10 , px(2) = .25,  px(3) = .30, px(4) = .20, px(5) = .10; those for Y (column 
sums) are py(0) = .5, py(1) = .3, py(2) = .2.  It is now easily verified that for every (x,y), 
p(x,y) = px(x) ⋅ py(y), so X and Y are independent. 
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8.  

a. numerator = ( )( )( ) 240,30124556
1

12
2

10
3
8

==























 

denominator = 775,593
6

30
=








; p(3,2) = 0509.

775,593
240,30

=  

 

b. p(x,y) = 

( )




























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
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


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


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







0
6

30
6

12108
yxyx

 

otherwise

yx
thatsuchegers
negativenonareyx

60
__int

__,

≤+≤

−

 

 
 
9.  

a. ∫ ∫∫ ∫ +==
∞

∞−

∞

∞−

30

20

30

20

22 )(),(1 dxdyyxKdxdyyxf  

∫∫∫ ∫∫ ∫ +=+=
30

20

230

20

230

20

30

20

230

20

30

20

2 1010 dyyKdxxKdxdyyKdydxxK  

000,380
3

3
000,19

20 =⇒





⋅= KK  

 

b. P(X < 26 and Y < 26) = ∫∫ ∫ =+
26

20

226

20

26

20

22 12)( dxxKdxdyyxK  

    3024.304,384
26

20

3 == KKx  

  
c.  

 
 
 
 
 
 
 
 
 

  P( | X – Y | ≤ 2 ) = ∫∫
III
region

dxdyyxf ),(  

    ∫∫∫∫ −−
III

dxdyyxfdxdyyxf ),(),(1  

    ∫ ∫∫ ∫
−

+
−−

30

22

2

20

28

20

30

2
),(),(1

x

x
dydxyxfdydxyxf  

    = (after much algebra) .3593 
 

I

II

2+= xy 2−= xy

20

20

30

30
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d. fx(x) = 

30

20

3
230

20

22

3
10)(),(

y
KKxdyyxKdyyxf +=+= ∫∫

∞

∞−
 

   = 10Kx2 + .05,   20 ≤ x ≤ 30 
 

e. fy(y) is obtained by substituting y for x in (d);  clearly f(x,y) ≠ fx(x) ⋅ fy(y), so X and Y are 
not independent. 

 
 
10.  

a. f(x,y) = 



0
1

 
otherwise

yx 65,65 ≤≤≤≤
 

since fx(x) = 1, fy(y) = 1 for 5 ≤ x ≤ 6, 5 ≤ y ≤ 6 
 

b. P(5.25 ≤ X ≤ 5.75, 5.25 ≤ Y ≤ 5.75) = P(5.25 ≤ X ≤ 5.75) ⋅ P(5.25 ≤ Y ≤ 5.75) = (by 
independence) (.5)(.5) = .25 

 
c.  
 
 
 
 
 
 

 
 

 P((X,Y) ∈ A) = ∫∫
A

dxdy1  

  = area of A = 1 – (area of I + area of II ) 

  = 306.
36
11

36
25

1 ==−  

 
 
11.  

a. p(x,y) = 
!! y

e
x

e yx µλ µλ −−

⋅  for x = 0, 1, 2, …; y = 0, 1, 2, … 

 

b. p(0,0)  + p(0,1) + p(1,0) = [ ]µλµλ ++−− 1e  
 

c. P( X+Y=m ) = ∑∑
=

=
−−

= −
=−==

m

k

kmkm

k kmk
ekmYkXP

00 )!(!
),(

µλµλ  

!
)(
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m
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


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 +−

=

−
+−

∑ , so the total # of errors X+Y also has a 

Poisson distribution with parameter µλ + . 

I

II

6/1+=xy 6/1−=xy

5

5

6

6



Chapter 5:  Joint Probability Distributions and Random Samples 

 180 

12.  

a. P(X> 3) = 050.
33 0

)1( == ∫∫ ∫
∞ −∞ ∞ +− dxedydxxe xyx  

 

b. The marginal pdf of X is xyx edyxe −∞ +− =∫0
)1(  for 0 ≤ x; that of Y is 

23

)1(

)1(
1
y

dxxe yx

+
=∫

∞ +−  for 0 ≤ y.  It is now clear that f(x,y) is not the product of  

the marginal pdf’s, so the two r.v’s are not independent. 
 

c. P( at least one exceeds 3) = 1 – P(X ≤ 3 and Y ≤ 3)  

= ∫ ∫∫ ∫ −−+− −=−
3

0

3

0

3

0

3

0

)1( 11 dyexedydxxe xyxyx  

= 300.25.25.)1(1 1233

0

3 =−+=−− −−−−∫ eedxee xx  

 
 
13.  

a. f(x,y) = fx(x) ⋅ fy(y) = 


 −−

0

yxe
 

otherwise
yx 0,0 ≥≥

 

 
b. P(X ≤ 1 and Y ≤ 1) = P(X ≤ 1) ⋅ P(Y ≤ 1) = (1 – e-1) (1 – e-1) = .400 
 

c. P(X + Y ≤ 2) = [ ]∫∫ ∫ −−−− −− −=
2

0

)2(2

0

2

0
1 dxeedxdye xxx yx  

= 594.21)( 222

0

2 =−−=− −−−−∫ eedxee x  

 

d. P(X + Y ≤ 1) = [ ] 264.211 11

0

)1( =−=− −−−−∫ edxee xx ,  

so P( 1 ≤ X + Y ≤ 2 ) = P(X + Y ≤ 2) – P(X + Y ≤ 1) = .594 - .264 = .330 
 
 
14.  

a. P(X1 < t, X2 < t, … , X10 < t) = P(X1 < t) … P( X10 < t) = 10)1( te λ−−  
 

b. If “success” = {fail before t}, then p = P(success) = te λ−−1 ,  

and P(k successes among 10 trials) = ktt ee
k

k −−−−






 10)(1
10 λλ  

 
c. P(exactly 5 fail) = P( 5 of λ’s fail and other 5 don’t) + P(4 of λ’s fail,  µ fails, and other 5 

don’t) = ( ) ( ) ( ) ( ) 5445
)(11

4
9

)(1
5
9 tttttt eeeeee λµλµλλ −−−−−− −−








+−








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15.  
a. F(y) = P( Y ≤ y ) = P [(X1 ≤y) ∪ ((X2 ≤ y) ∩ (X3 ≤ y))] 

= P (X1 ≤ y) + P[(X2 ≤ y) ∩ (X3 ≤ y)] - P[(X1 ≤ y) ∩ (X2 ≤ y) ∩ (X3 ≤ y)] 

=  32 )1()1()1( yyy eee λλλ −−− −−−+−  for y ≥ 0 
  

b. f(y) = F′(y) = ( ) ( )yyyyy eeeee λλλλλ λλλ −−−−− −−−+ 2)1(3)1(2  

 =  yy ee λλ λλ 32 34 −− −   for y ≥ 0 
 

E(Y) = ( )
λλλ

λλ λλ

3
2

3
1

2
1

234
0

32 =−





=−⋅∫

∞ −− dyeey yy  

 
 
16.  

a. f(x1, x3) = ( )∫∫
−−∞

∞−
−=

311

0 23212321 1),,(
xx

dxxxkxdxxxxf  

( )( )2
3131 1172 xxxx −−−   0 ≤ x1, 0 ≤ x3, x1 + x3 ≤ 1 

 

b. P(X1 + X3 ≤ .5) = ∫ ∫
−

−−−
5.

0

5.

0 12
2

3131
1

)1)(1(72
x

dxdxxxxx  

    = (after much algebra) .53125 
 

c. ( )( )∫∫ −−−==
∞

∞− 3
2

31313311 1172),()(
1

dxxxxxdxxxfxf x  

   5
1

3
1

2
11 6364818 xxxx −+−  0 ≤ x1 ≤ 1 

 
 
17.  

a. ( ),( YXP within a circle of radius ) ∫∫==
A

R dxdyyxfAP ),()(2  

25.
4
1..1

22
==== ∫∫ R

Aofarea
dxdy

R A ππ
 

 
b.  

  
 
 
 
 
 
 
 
 

 
ππ
1

22
,

22 2

2

==





 ≤≤−≤≤−

R
RR

Y
RR

X
R

P  
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c.  

  
 

 
 
 
 
 
 
 

ππ
22

22
,

22 2

2

==







≤≤−≤≤−

R
RR

Y
RR

X
R

P  

 

d. ( )
2

22

2

21
),(

22

22 R
xR

dy
R

dyyxfxf
xR

xRx ππ
−

=== ∫∫
−

−−

∞

∞−
  for –R ≤ x ≤ R  and 

similarly for fY(y).   X and Y are not independent since e.g. fx(.9R) = fY(.9R) > 0, yet 
f(.9R, .9R) = 0 since (.9R, .9R) is outside the  circle of radius R. 

 
 
18.  

a. Py|X(y|1) results from dividing each entry in x = 1 row of the joint probability table by 
px(1) = .34: 

2353.
34.
08.

)1|0(| ==xyP  

5882.
34.
20.

)1|1(| ==xyP  

1765.
34.
06.

)1|2(| ==xyP  

 
b. Py|X(x|2) is requested; to obtain this divide each entry in the y = 2 row by  

px(2) = .50: 
 

y 0 1 2 

Py|X(y|2) .12 .28 .60 

 
c. P( Y ≤ 1 | x = 2) = Py|X(0|2) + Py|X(1|2) = .12 + .28 = .40 
 
d. PX|Y(x|2) results from dividing each entry in the y = 2 column by py(2) = .38: 

 
   

x 0 1 2 

Px|y(x|2) .0526 .1579 .7895 
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19.  

a. 
05.10

)(
)(
),(

)|(
2

22

| +
+

==
kx

yxk
xf
yxf

xyf
X

XY   20 ≤ y ≤ 30 

05.10
)(

)|(
2

22

| +
+

=
ky

yxk
yxf YX  20 ≤ x ≤ 30  








=

000,380
3

k  

 

b. P( Y ≥ 25 | X = 22 ) = ∫
30

25 | )22|( dyyf XY  

         = ∫ =
+

+30

25 2

22

783.
05.)22(10
))22((

dy
k

yk
 

P( Y ≥ 25 ) = 75.)05.10()(
30

25

230

25
=+= ∫∫ dykydyyfY  

 

c. E( Y | X=22 ) = dy
k

yk
ydyyfy XY 05.)22(10

))22((
)22|(

2

2230

20| +
+

⋅=⋅ ∫∫
∞

∞−
 

   = 25.372912 

E( Y2 | X=22 ) = 028640.652
05.)22(10
))22((

2

2230

20

2 =
+

+
⋅∫ dy

k
yk

y  

V(Y| X = 22 ) = E( Y2 | X=22 ) – [E( Y | X=22 )]2 = 8.243976 
 
 
20.  

a. ( )
),(
),,(

,|
21,

321
213,|

21

213 xxf
xxxf

xxxf
xx

xxx =   where =),( 21, 21
xxf xx  the marginal joint pdf 

of (X1, X2) = 3321 ),,( dxxxxf∫
∞

∞−
 

 

b. ( )
)(

),,(
|,

1

321
132|,

1

132 xf
xxxf

xxxf
x

xxx =   where 

∫ ∫
∞

∞−

∞

∞−
= 323211 ),,()(

1
dxdxxxxfxf x  

 
 

21. For every x and y, fY|X(y|x) = fy(y), since then f(x,y) = fY|X(y|x)  ⋅ fX(x) = fY(y)  ⋅ fX(x), as  
required. 
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Section 5.2 
 
22.  

a. E( X + Y ) = )02)(.00(),()( +=+∑∑
x y

yxpyx  

10.14)01)(.1510(...)06)(.50( =+++++  
 

b. E[max (X,Y)] = ∑∑ ⋅+
x y

yxpyx ),()max(  

60.9)01)(.15(...)06)(.5()02)(.0( =+++=  
 
 

23. E(X1 – X2) = ( )∑ ∑
= =

⋅−
4

0

3

0
2121

1 2

),(
x x

xxpxx =  

(0 – 0)(.08) + (0 – 1)(.07) + … + (4 – 3)(.06) = .15  
(which also equals E(X1) – E(X2) = 1.70 – 1.55) 

 
 
24. Let h(X,Y) = # of individuals who handle the message. 
 

   y     

 h(x,y) 1 2 3 4 5 6 

 1 - 2 3 4 3 2 

 2 2 - 2 3 4 3 

x 3 3 2 - 2 3 4 

 4 4 3 2 - 2 3 

 5 3 4 3 2 - 2 

 6 2 3 4 3 2 - 

 

Since p(x,y) = 30
1  for each possible (x,y), E[h(X,Y)] = 80.2),( 30

84
30
1 ==⋅∑∑

x y

yxh  

 
 

25. E(XY) = E(X) ⋅ E(Y) = L ⋅ L = L2 
 
 
26. Revenue = 3X + 10Y, so E (revenue) = E (3X + 10Y) 

4.15)2,5(35...)0,0(0),()103(
5

0

2

0

=⋅++⋅=⋅+= ∑∑
= =

ppyxpyx
x y
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27. E[h(X,Y)] = ( )∫ ∫∫ ∫ ⋅−=⋅−
1

0 0

21

0

1

0

2 626
x

ydydxxyxydxdyxyx  

 

( )
3
1

6
1212

1

0

51

0 0

223 ==− ∫∫ ∫ dx
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dydxyxyx
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28. E(XY) = ∑∑∑ ∑∑∑ ⋅=⋅⋅=⋅
y

y
x y x

x
x y

yx yypxxpypxpxyyxpxy )()()()(),(  

= E(X) ⋅ E(Y).  (replace Σ with ∫ in the continuous case) 

 
 

29. Cov(X,Y) = 
75
2

−  and 
5
2

== yx µµ .   E(X2) = ∫ ⋅
1

0

2 )( dxxfx x  

5
1

60
12

)1(12
1

0

23 ==−= ∫ dxxx , so Var (X) = 
25
1

25
4

5
1

=−  

Similarly, Var(Y) =
25
1

, so 667.
75
50

25
1

25
1

75
2

, −=−=
⋅

=
−

YXρ  

 
 
30.  

a. E(X) = 5.55, E(Y) = 8.55, E(XY) = (0)(.02) + (0)(.06) + … + (150)(.01) = 44.25, so 
Cov(X,Y) = 44.25 – (5.55)(8.55) = -3.20 

 

b. 15.19,45.12 22 == YX σσ , so 207.
)15.19)(45.12(

20.3
, −=

−
=YXρ  

 
 
31.  

a. E(X) = [ ] )(329.2505.10)(
30

20

230

20
YEdxKxxdxxxfx ==+= ∫∫  

E(XY) = 447.641)(
30

20

30

20

22 =+⋅∫ ∫ dxdyyxKxy  

111.)329.25(447.641),( 2 −=−=⇒ YXCov  
 

b. E(X2) = [ ] )(8246.64905.10 230

20

22 YEdxKxx ==+∫ ,  

so Var (X) = Var(Y) = 649.8246 – (25.329)2 = 8.2664 

0134.
)2664.8)(2664.8(

111.
−=

−
=⇒ ρ  
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32. There is a difficulty here.  Existence of ρ  requires that both X and Y have finite means and 

variances.  Yet since the marginal pdf of Y is 
( )21

1

y−
 for y ≥ 0, 

( )
( )
( ) ( ) ( )∫∫∫∫

∞∞∞∞

+
−

+
=

+

−+
=

+
=

0 200 20 2 1

1
1

1

1

11

1
)( dy

y
dy

y
dy

y

y
dy

y

y
yE , and the 

first integral is not finite.  Thus ρ  itself is undefined. 
 
 
33. Since E(XY) = E(X) ⋅ E(Y), Cov(X,Y) = E(XY) – E(X) ⋅ E(Y) = E(X) ⋅ E(Y) - E(X) ⋅ E(Y) = 

0, and since Corr(X,Y) = 
yx

YXCov
σσ

),(
, then Corr(X,Y) = 0 

 
 
34.  

a. In the discrete case, Var[h(X,Y)] = E{[h(X,Y) – E(h(X,Y))]2} = 

∑∑∑∑ −=−
x yx y

YXhEyxpyxhyxpYXhEyxh 222 ))],(([)],(),([),())],((),([

 with ∫∫ replacing ∑∑ in the continuous case. 

 
b. E[h(X,Y)] = E[max(X,Y)] = 9.60, and E[h2(X,Y)] = E[(max(X,Y))2] = (0)2(.02) 

+(5)2(.06) + …+ (15)2(.01) = 105.5, so Var[max(X,Y)] = 105.5 – (9.60)2 = 13.34 
 
 
35.  

a. Cov(aX + b, cY + d) = E[(aX + b)(cY + d)] – E(aX + b) ⋅ E(cY + d) 
= E[acXY + adX + bcY + bd] – (aE(X) + b)(cE(Y) + d) 
= acE(XY) – acE(X)E(Y) = acCov(X,Y) 

 
b. Corr(aX + b, cY + d) = 

)()(||||
),(

)()(
),(

YVarXVarca
YXacCov

dcYVarbaXVar
dcYbaXCov

⋅⋅
=

++
++

 

= Corr(X,Y) when a and c have the same signs. 
 

c.   When a and c differ in sign, Corr(aX + b, cY + d) = -Corr(X,Y). 
 
 
36. Cov(X,Y) = Cov(X, aX+b) = E[X⋅(aX+b)] – E(X) ⋅E(aX+b) = a Var(X),  

so Corr(X,Y) = 
)()(

)(
)()(

)(
2 XVaraXVar

XaVar
YVarXVar

XaVar

⋅
=

⋅
= 1 if a > 0, and –1 if a < 0 

 
 



Chapter 5:  Joint Probability Distributions and Random Samples 

 187 

Section 5.3 
 
37.  
 

 P(x1) .20 .50 .30 

P(x2) x2 | x1 25 40 65 

.20 25 .04 .10 .06 

.50 40 .10 .25 .15 

.30 65 .06 .15 .09 

 
a.  

x  25 32.5 40 45 52.5 65 

( )xp  .04 .20 .25 .12 .30 .09 

  
 ( ) µ==+++= 5.44)09(.65...)20(.5.32)04)(.25(xE  
 
b.   

s2 0 112.5 312.5 800 

P(s2) .38 .20 .30 .12 

  
 E(s2) = 212.25 = σ2 

 
 
38.  

a.  

T0 0 1 2 3 4 

P(T0) .04 .20 .37 .30 .09 

 
b. µµ ⋅=== 22.2)( 00

TET  

 

c. 
222

0
2

0
2 298.)2.2(82.5)()(
0

σσ ⋅==−=−= TETET  
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39.  

x 0 1 2 3 4 5 6 7 8 9 10 

x/n 0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0 

p(x/n) .000 .000 .000 .001 .005 .027 .088 .201 .302 .269 .107 

 
X is a binomial random variable with p = .8. 

 
 
40.  

a. Possible values of M are: 0, 5, 10.   M = 0 when all 3 envelopes contain 0 money, hence 
p(M = 0) = (.5)3 = .125.   M = 10 when there is a single envelope with $10, hence p(M = 
10) = 1 – p(no envelopes with $10) = 1 – (.8)3 = .488.   
p(M = 5) = 1 – [.125 + .488] = .387. 

 

M 0 5 10 

p(M) .125 .387 .488 

 
An alternative solution would be to list all 27 possible combinations using a tree diagram 
and computing probabilities directly from the tree. 

 
b. The statistic of interest is M, the maximum of x1, x2, or x3, so that M = 0, 5, or 10.  The 

population distribution is a s follows: 

x 0 5 10 

p(x) 1/2 3/10 1/5 

 
Write a computer program to generate the digits 0 – 9 from a uniform distribution.  
Assign a value of 0 to the digits 0 – 4, a value of 5 to digits 5 – 7, and a value of 10 to 
digits 8 and 9.  Generate samples of increasing sizes, keeping the number of replications 
constant and compute M from each sample.  As n, the sample size, increases, p(M = 0) 
goes to zero, p(M = 10) goes to one.  Furthermore, p(M = 5) goes to zero, but at a slower 
rate than p(M = 0). 
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41.  
Outcome 1,1 1,2 1,3 1,4 2,1 2,2 2,3 2,4  

Probability .16 .12 .08 .04 .12 .09 .06 .03  

x  1 1.5 2 2.5 1.5 2 2.5 3  

r 0 1 2 3 1 0 1 2  

 

Outcome 3,1 3,2 3,3 3,4 4,1 4,2 4,3 4,4  

Probability .08 .06 .04 .02 .04 .03 .02 .01  

x  2 2.5 3 3.5 2.5 3 3.5 4  

r 2 1 0 1 3 2 1 2  

a.  

x  1 1.5 2 2.5 3 3.5 4 

( )xp  .16 .24 .25 .20 .10 .04 .01 
 

 
b. P ( )5.2≤x = .8 
 
c.  

r 0 1 2 3 

p(r) .30 .40 .22 .08 
 

 

d. )5.1( ≤XP = P(1,1,1,1) + P(2,1,1,1) + … + P(1,1,1,2) + P(1,1,2,2) + … + P(2,2,1,1) + 
P(3,1,1,1) + … + P(1,1,1,3)  

 = (.4)4 + 4(.4)3(.3) + 6(.4)2(.3)2 + 4(.4)2(.2)2  = .2400 
 
 
42.  

a.  

x  27.75 28.0 29.7 29.95 31.65 31.9 33.6 

( )xp  30
4  30

2  30
6  30

4  30
8  30

4  30
2  

 
b.  

x  27.75 31.65 31.9 

( )xp  3
1  3

1  3
1  

  
c. all three values are the same:  30.4333 
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43. The statistic of interest is the fourth spread, or the difference between the medians of the 
upper and lower halves of the data.  The population distribution is uniform with A = 8 and B 
= 10.   Use a computer to generate samples of sizes n = 5, 10, 20, and 30 from a uniform 
distribution with A = 8 and B = 10.  Keep the number of replications the same (say 500, for 
example).  For each sample, compute the upper and lower fourth, then compute the 
difference.  Plot the sampling distributions on separate histograms for n = 5, 10, 20, and 30. 

 
 
44. Use a computer to generate samples of sizes n = 5, 10, 20, and 30 from a Weibull distribution 

with parameters as given, keeping the number of replications the same, as in problem 43 
above.  For each sample, calculate the mean.  Below is a histogram, and a normal probability 
plot for the sampling distribution of x  for n = 5, both generated by Minitab.  This sampling 
distribution appears to be normal, so since larger sample sizes will produce distributions that 
are closer to normal, the others will also appear normal.  

 
 
45. Using Minitab to generate the necessary sampling distribution, we can see that as n increases, 

the distribution slowly moves toward normality.  However, even the sampling distribution for 
n = 50 is not yet approximately normal.  
n = 10 

 
n = 50 
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Section 5.4 
 
46. µ = 12 cm σ = .04 cm 

a. n = 16  cmXE 12)( == µ    cm
n
x

x 01.
4
04.

===
σ

σ  

 

b. n = 64   cmXE 12)( == µ    cm
n
x

x 005.
8
04.

===
σ

σ  

 

c. X is more likely to be within .01 cm of the mean (12 cm) with the second, larger, 

sample.  This is due to the decreased variability of  X  with a larger sample size. 
 
 
47. µ = 12 cm σ = .04 cm 

a. n = 16   P( 11.99 ≤ X  ≤ 12.01) = 





 −

≤≤
−

01.
1201.12

01.
1299.11

ZP  

     = P(-1 ≤ Z ≤ 1) 
     = Φ(1) - Φ(-1)  
     =.8413 - .1587 
     =.6826 
 

b. n = 25    P( X  > 12.01) = 





 −

>
5/04.
1201.12

ZP = P( Z > 1.25) 

       = 1 - Φ(1.25) 
       = 1 - .8944 
       =.1056 
 
48.  

a. 50== µµ X , 10.
100
1

===
n
x

x
σ

σ  

P( 49.75 ≤ X  ≤ 50.25) = 





 −

≤≤
−

10.
5025.50

10.
5075.49

ZP  

     = P(-2.5 ≤ Z ≤ 2.5) = .9876 
 

b. P( 49.75 ≤ X  ≤ 50.25) ≈ 





 −

≤≤
−

10.
8.4925.50

10.
8.4975.49

ZP  

     = P(-.5 ≤ Z ≤ 4.5) = .6915 
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49.  
a. 11 P.M. – 6:50 P.M. = 250 minutes.  With T0 = X1 + … + X40 = total grading time, 

240)6)(40(
0

=== µµ nT  and ,95.37
0

== nT σσ  so P( T0 ≤ 250) ≈ 

( ) 6026.26.
95.37
240250

=≤=





 −

≤ ZPZP  

 

b. ( ) ( ) 2981.53.
95.37
240260

2600 =>=





 −

>=> ZPZPTP  

 
 
50. µ = 10,000 psi  σ = 500 psi 

a. n = 40 

P( 9,900 ≤ X  ≤ 10,200) ≈ 






 −
≤≤

−
40/500

000,10200,10
40/500
000,10900,9

ZP  

     = P(-1.26 ≤ Z ≤ 2.53)  
     = Φ(2.53) - Φ(-1.26)  
     = .9943 - .1038 

= .8905 
b. According to the Rule of Thumb given in Section 5.4, n should be greater than 30 in 

order to apply the C.L.T., thus using the same procedure for n = 15 as was used for n =   
40 would not be appropriate. 

 
 
51. X ~ N(10,4).  For day 1, n = 5 

P( X  ≤ 11)= 8686.)12.1(
5/2

1011
=≤=







 −
≤ ZPZP  

   
 For day 2, n = 6 

 P( X  ≤ 11)= 8888.)22.1(
6/2

1011
=≤=







 −
≤ ZPZP  

 For both days, 

 P( X  ≤ 11)= (.8686)(.8888) = .7720 
 
 
52. X ~ N(10), n =4 

40)10)(4(
0

=== µµ nT  and ,2)1)(2(
0

=== nT σσ   

We desire the 95th percentile:  40 + (1.645)(2) = 43.29 
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53. µ = 50, σ = 1.2  
a. n = 9 

P( X ≥ 51) = 0062.9938.1)5.2(
9/2.1

5051
=−=≥=







 −
≥ ZPZP  

 
b. n = 40 

P( X ≥ 51) = 0)27.5(
40/2.1

5051
≈≥=







 −
≥ ZPZP  

 
 
54.  

a. 65.2== µµ X , 17.
5
85.

===
n
x

x
σ

σ  

P( X  ≤ 3.00)= 9803.)06.2(
17.

65.200.3
=≤=






 −

≤ ZPZP  

P(2.65 ≤ X  ≤ 3.00)= 4803.)65.2()00.3( =≤−≤= XPXP  
 

b. P( X  ≤ 3.00)= 99.
/85.

65.200.3
=







 −
≤

n
ZP  implies that ,33.2

/85
35.

=
n

 from 

which n = 32.02.  Thus n = 33 will suffice. 
 
 

55. 20== npµ  464.3== npqσ  

a. P( 25 ≤ X ) ≈ 0968.)30.1(
464.3

205.24
=≤=






 ≤

−
ZPZP  

 

b. P( 15 ≤ X ≤ 25) ≈ 





 −

≤≤
−

464.3
205.25

464.3
205.14

ZP  

8882.)59.159.1( =≤≤−= ZP  
 
56.  

a. With Y = # of tickets, Y has approximately a normal distribution with 50== λµ , 

071.7== λσ , so P( 35 ≤ Y ≤ 70) ≈ 





 −

≤≤
−

071.7
505.70

071.7
505.34

ZP  = P( -2.19 

≤ Z ≤ 2.90) = .9838 
 

b. Here 250=µ , 811.15,2502 == σσ , so P( 225 ≤ Y ≤ 275) ≈ 







 −

≤≤
−

811.15
2505.275

811.15
2505.224

ZP  = P( -1.61 ≤ Z ≤ 1.61) = .8926 
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57. E(X) = 100, Var(X) = 200, 14.14=xσ , so P( X ≤ 125) ≈ 





 −

≤
14.14
100125

ZP  

= P( Z ≤ 1.77) = .9616 
 
 

Section 5.5 
 
58.  

a. E( 27X1 + 125X2 + 512X3 ) = 27 E(X1) + 125 E(X2) + 512 E(X3)  
= 27(200) + 125(250) + 512(100) = 87,850 

V(27X1 + 125X2 + 512X3) = 272 V(X1) + 1252 V(X2) + 5122 V(X3) 
    = 272 (10)2 + 1252 (12)2 + 5122 (8)2 = 19,100,116 
 

b. The expected value is still correct, but the variance is not because the covariances now 
also contribute to the variance. 

 
 
59.  

a. E( X1 + X2 + X3 ) = 180, V(X1 + X2 + X3) = 45, 708.6
321

=++ xxxσ  

P(X1 + X2 + X3 ≤ 200) = 9986.)98.2(
708.6

180200
=≤=






 −

≤ ZPZP  

P(150 ≤ X1 + X2 + X3 ≤ 200) = 9986.)98.247.4( ≈≤≤− ZP  
  

b. 60== µµ X , 236.2
3

15
===

n
x

x
σ

σ  

9875.)236.2(
236.2

6055
)55( =−≥=






 −

≥=≥ ZPZPXP  

( ) 6266.89.89.)6258( =≤≤−=≤≤ ZPXP  
 

c. E( X1 - .5X2 -.5X3 ) = 0;  

V( X1 - .5X2 -.5X3 ) = ,5.2225.25. 2
3

2
2

2
1 =++ σσσ sd = 4.7434 

P(-10 ≤ X1 - .5X2 -.5X3 ≤ 5) = 





 −

≤≤
−−

7434.4
05

7434.4
010

ZP  

( )05.111.2 ≤≤−= ZP  =  .8531 - .0174 = .8357 
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d. E( X1 + X2 + X3 ) = 150,  V(X1 + X2 + X3) = 36, 6
321

=++ xxxσ  

P(X1 + X2 + X3 ≤ 200) = 9525.)67.1(
6

150160
=≤=






 −

≤ ZPZP  

We want P( X1 + X2 ≥ 2X3), or written another way,  P( X1 + X2 - 2X3 ≥ 0)  
E( X1 + X2 - 2X3 ) = 40 + 50 – 2(60) = -30,   

V(X1 + X2 - 2X3) = ,784 2
3

2
2

2
1 =++ σσσ 36, sd = 8.832, so  

P( X1 + X2 - 2X3 ≥ 0) = 0003.)40.3(
832.8

)30(0
=≥=






 −−

≥ ZPZP  

 
 

60. Y is normally distributed with ( ) ( ) 1
3
1

2
1

54321 −=++−+= µµµµµµY , and 

7795.1,167.3
9
1

9
1

9
1

4
1

4
1 2

5
2
4

2
3

2
2

2
1

2 ==++++= YY σσσσσσσ . 

Thus, ( ) 2877.)56(.
7795.1

)1(0
0 =≤=






 ≤

−−
=≤ ZPZPYP   and  

( ) 3686.)12.10(
7795.1
2

011 =≤≤=





 ≤≤=≤≤− ZPZPYP  

 
 
61.  

a. The marginal pmf’s of X and Y are given in the solution to Exercise 7, from which E(X) 
= 2.8, E(Y) = .7, V(X) = 1.66, V(Y) = .61.  Thus E(X+Y) = E(X) + E(Y) = 3.5, V(X+Y) 
= V(X) + V(Y) = 2.27, and the standard deviation of X + Y is 1.51 

 
b. E(3X+10Y) = 3E(X) + 10E(Y) = 15.4, V(3X+10Y) = 9V(X) + 100V(Y) = 75.94, and the 

standard deviation of revenue is 8.71 
 
 
62. E( X1 + X2 + X3 ) = E( X1) + E(X2 ) + E(X3 ) = 15 + 30 + 20 = 65 min., 

 V(X1 + X2 + X3) = 12 + 22 + 1.52 = 7.25, 6926.225.7
321

==++ xxxσ  

 Thus, P(X1 + X2 + X3 ≤ 60) = 0314.)86.1(
6926.2

6560
=−≤=






 −

≤ ZPZP  

 
 
63.  

a. E(X1) = 1.70, E(X2) = 1.55, E(X1X2) = 33.3),(
1 2

2121 =∑∑
x x

xxpxx , so Cov(X1,X2) = 

E(X1X2) - E(X1) E(X2) = 3.33 – 2.635 = .695 
 
b. V(X1 + X2) = V(X1) +  V(X2) + 2 Cov(X1,X2)  

= 1.59 + 1.0875 + 2(.695) = 4.0675 
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64. Let X1, …, X5 denote morning times and X6, …, X10 denote evening times. 
a. E(X1 + …+ X10) = E(X1) + … + E(X10) = 5 E(X1) + 5 E(X6)  

= 5(4) + 5(5) = 45 
 

b. Var(X1 + …+ X10) = Var(X1) + … + Var(X10) = 5 Var(X1) + 5Var(X6) 

33.68
12
820

12
100

12
64

5 ==



 +=  

 
c. E(X1 – X6) = E(X1) - E(X6) = 4 – 5 = -1 

Var(X1 – X6) = Var(X1) + Var(X6) = 67.13
12

164
12

100
12
64

==+  

 
d. E[(X1 + … + X5) – (X6 + … + X10)] = 5(4) – 5(5) = -5 

Var[(X1 + … + X5) – (X6 + … + X10)]  
= Var(X1 + … + X5) + Var(X6 + … + X10)] = 68.33 

 
 
65. µ = 5.00, σ = .2 

a. ;0)( =− YXE  0032.
2525

)(
22

=+=−
σσ

YXV , 0566.=−YXσ  

 

( ) ( ) 9232.77.177.11.1. =≤≤−≈≤−≤−⇒ ZPYXP  (by the CLT) 
 

b. 0022222.
3636

)(
22

=+=−
σσ

YXV , 0471.=−YXσ  

( ) ( ) 9660.12.212.21.1. =≤≤−≈≤−≤−⇒ ZPYXP  
 
 
66.  

a. With M = 5X1 + 10X2, E(M) = 5(2) + 10(4) = 50,  
Var(M) = 52 (.5)2 + 102 (1)2 = 106.25, σM = 10.308. 

 

b. P( 75 < M ) = 0075.)43.2(
308.10

5075
=<=






 <

−
ZPZP  

 
c. M = A1X1 + A2X2 with the A I’s and XI’s all independent, so  

E(M) = E(A1X1) + E(A2X2) = E(A1)E(X1) + E(A2)E(X2) = 50 
 

d. Var(M) = E(M2) – [E(M)]2.   Recall that for any r.v. Y,  

E(Y2) = Var(Y) + [E(Y)]2.  Thus, E(M2) = ( )2
2

2
22211

2
1

2
1 2 XAXAXAXAE ++  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2
2

2
22211

2
1

2
1 2 XEAEXEAEXEAEXEAE ++=  

(by independence) 
= (.25 + 25)(.25 + 4) + 2(5)(2)(10)(4) + (.25 + 100)(1 + 16) = 2611.5625, so Var(M) = 
2611.5625 – (50)2 = 111.5625 
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e. E(M) = 50 still, but now 

)(),(2)()( 2
2
221211

2
1 XVaraXXCovaaXVaraMVar ++=  

 = 6.25 + 2(5)(10)(-.25) + 100 = 81.25 
 
 
67. Letting X1, X2, and X3 denote the lengths of the three pieces, the total length is  

X1 + X2 - X3.   This has a normal distribution with mean value 20 + 15 – 1 = 34, variance 
.25+.16+.01 = .42, and standard deviation .6481.  Standardizing gives  
P(34.5  ≤ X1 + X2 - X3 ≤ 35) = P(.77 ≤ Z ≤ 1.54) = .1588 

 
 
68. Let X1 and X2 denote the (constant) speeds of the two planes. 

a. After two hours, the planes have traveled 2X1 km. and 2X2  km., respectively, so the  
second will not have caught the first if 2X1 + 10 > 2X2, i.e. if X2 – X1 < 5. X2 – X1 has a 
mean 500 – 520 = -20, variance 100 + 100 = 200, and standard deviation 14.14.  Thus, 

.9616.)77.1(
14.14

)20(5
)5( 12 =<=






 −−

<=<− ZPZPXXP  

 
b. After two hours, #1 will be 10 + 2X1 km from where #2 started, whereas #2 will be 2X2 

from where it started.  Thus the separation distance will be al most 10 if  |2X2 – 10 – 2X1| 
≤ 10, i.e. –10 ≤ 2X2 – 10 – 2X1 ≤ 10,  
i.e. 0 ≤ X2 – X1 ≤ 10.  The corresponding probability is  
P(0 ≤ X2 – X1 ≤ 10) = P(1.41 ≤ Z ≤ 2.12) = .9830 - .9207 = .0623. 

 
 
69.  

a. E(X1 + X2 + X3) = 800 + 1000 + 600 = 2400. 
 
b. Assuming independence of X1, X2 , X3, Var(X1 + X2 + X3)  

= (16)2 + (25)2 + (18)2 = 12.05 
 

c. E(X1 + X2 + X3) =  2400 as before, but now Var(X1 + X2 + X3)  
= Var(X1) + Var(X2) + Var(X3) + 2Cov(X1,X2) + 2Cov(X1, X3) + 2Cov(X2, X3) = 1745, 
with sd = 41.77 

 
 
70.  

a. ,5.)( =iYE  so 
4

)1(
5.)()(

11

+
==⋅= ∑∑

==

nn
iYEiWE

n

i

n

i
i  

 

b. ,25.)( =iYVar  so 
24

)12)(1(
25.)()(

1

2

1

2 ++
==⋅= ∑∑

==

nnn
iYVariWVar

n

i

n

i
i  
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71.  

a. ,722211

12

02211 WXaXaxdxWXaXaM ++=++= ∫  so 

E(M) = (5)(2) + (10)(4) + (72)(1.5) = 158m 

( ) ( ) ( ) ( ) ( ) ( ) 25.43025.721105.5 2222222 =++=Mσ , 74.20=Mσ  

 

b. 9788.)03.2(
74.20
158200

)200( =≤=





 −

≤=≤ ZPZPMP  

 
 
72. The total elapsed time between leaving and returning is To = X1 + X2 + X3 + X4, with 

,40)( =oTE  402 =
oTσ , 477.5=

oTσ . To  is normally distributed, and the desired value t 

is the 99th percentile of the lapsed time distribution added to 10 A.M.:  10:00 + 
[40+(5.477)(2.33)] = 10:52.76 

 
 
73.  

a. Both approximately normal by the C.L.T. 
 
b. The difference of two r.v.’s is just a special linear combination, and a linear combination 

of normal r.v’s has a normal distribution, so YX −  has approximately a normal 

distribution with 5=−YXµ  and 621.1,629.2
35
6

40
8 22

2 ==+= −− YXYX σσ  

 

c. ( ) 





 −

≤≤
−−

≈≤−≤−
6213.1

51
6213.1

51
11 ZPYXP &

0068.)47.270.3( ≈−≤≤−= ZP  
 

d. ( ) .0010.)08.3(
6213.1

510
10 =≥=






 −

≥≈≥− ZPZPYXP &   This probability is 

quite small, so such an occurrence is unlikely if 521 =− µµ , and we would thus doubt 
this claim. 

 
 

74. X is approximately normal with 35)7)(.50(1 ==µ  and 5.10)3)(.7)(.50(2
1 ==σ , as 

is Y with 302 =µ  and 122
2 =σ .  Thus 5=−YXµ  and 5.222 =−YXσ , so  

( ) 4826.)011.2(
74.4
0

74.4
10

55 =≤≤−=





 ≤≤

−
≈≤−≤− ZPZPYXp  
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Supplementary Exercises 
 
75.  

a. pX(x) is obtained by adding joint probabilities across the row labeled x, resulting in pX(x) 
= .2, .5, .3 for x = 12, 15, 20 respectively.  Similarly, from column sums py(y) = .1, .35, 
.55 for y = 12, 15, 20 respectively. 

 
b. P(X ≤ 15 and Y ≤ 15) = p(12,12) + p(12,15) + p(15,12) + p(15,15) = .25 
 
c. px(12) ⋅ py(12) = (.2)(.1) ≠ .05 = p(12,12), so X and Y are not independent. (Almost any 

other (x,y) pair yields the same conclusion). 
 

d. 35.33),()()( =+=+ ∑∑ yxpyxYXE  (or =  E(X) + E(Y) = 33.35) 

 

e. 85.3),()( =+=− ∑∑ yxpyxYXE  

 
 
76. The roll-up procedure is not valid for the 75th percentile unless 01 =σ  or 02 =σ  or both 

1σ  and 02 =σ , as described below. 

Sum of percentiles: ))(()()( 21212211 σσµµσµσµ +++=+++ ZZZ  

Percentile of sums: 22
21 21

)( σσµµ +++ Z  

These are equal when Z = 0 (i.e. for the median) or in the unusual case when 
22

21 21
σσσσ +=+ , which happens when 01 =σ  or 02 =σ  or both 1σ  and 

02 =σ . 
 
77.  

 
 
 
 
 
 
 

a. ∫ ∫∫ ∫∫ ∫
−−

−

∞

∞−

∞

∞−
+==

30

20

30

0

20

0

30

20
),(1

xx

x
kxydydxkxydydxdxdyyxf  

250,81
3

3
250,81

=⇒⋅= kk  

 

b. 






+−=

−=
=

∫
∫

−

−

−

)30450(

)10250(
)(

3
2
1230

0

230

20

xxxkkxydy

xxkkxydy
xf x

x

x
X  

3020
200

≤≤
≤≤

x
x

 

 and by symmetry fY(y) is obtained by substituting y for x in fX(x).  Since fX(25) > 0, and 
fY(25) > 0, but f(25, 25) = 0 , fX(x) ⋅ fY(y) ≠ f(x,y) for all x,y  so X and Y are not 
independent. 

30=+ yx

20=+ yx
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c. ∫ ∫∫ ∫
−−

−
+=≤+

25

20

25

0

20

0

25

20
)25(

xx

x
kxydydxkxydydxYXP  

    355.
24

625,230
250,81
3

=⋅=  

 

d. ( ){∫ −⋅=+=+
20

0

2102502)()()( dxxxkxYEXEYXE  

 

( ) }∫ +−⋅+
30

20

3
2
1230450 dxxxxkx     969.25)67.666,351(2 == k  

 

e. ∫ ∫∫ ∫
−

−

∞

∞−

∞

∞−
=⋅=

20

0

30

20

22),()(
x

x
dydxykxdxdyyxfxyXYE  

   4103.136
3

000,250,33
3

30

20

30

0

22 =⋅=+ ∫ ∫
− k

dydxykx
x

, so 

 Cov(X,Y) = 136.4103 – (12.9845)2 = -32.19, and E(X2) = E(Y2) = 204.6154, so 

0182.36)9845.12(6154.204 222 =−== yx σσ and 894.
0182.36

19.32
−=

−
=ρ  

 
f. Var (X + Y) = Var(X) + Var(Y) + 2Cov(X,Y) = 7.66 

 
 

78. FY(y) = P( max(X1, …, Xn) ≤ y) = P( X1 ≤ y, …, Xn ≤ y) = [P(X1 ≤ y)]n 
ny







 −

=
100

100
 for 

100 ≤ y ≤ 200.   

Thus fY(y) = ( ) 1100
100

−− n
n

y
n

 for 100 ≤ y ≤ 200. 

( ) ( )∫∫ −− +=−⋅=
100

0

1200

100

1 100
100

100
100

)( duuu
n

dyy
n

yYE n
n

n
n

 

100
1
12

1
100100

100
100

100

0
⋅

+
+

=
+

+=+= ∫ n
n

n
n

duu
n n

n
 

 
 

79. 34002000900500)( =++=++ ZYXE  

014.123
365

180
365

100
365
50

)(
222

=++=++ ZYXVar , and the std dev = 11.09. 

1)0.9()3500( ≈≤=≤++ ZPZYXP  
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80.  
a. Let X1, …, X12 denote the weights for the business-class passengers and Y1, …, Y50 

denote the tourist-class weights.  Then T = total weight  
= X1 + … + X12 + Y1 + … + Y50 = X + Y 
E(X) = 12E(X1) = 12(30) = 360; V(X) = 12V(X1) = 12(36) = 432. 
E(Y) = 50E(Y1) = 50(40) = 2000; V(Y) = 50V(Y1) = 50(100) = 5000. 
Thus E(T) = E(X) + E(Y) = 360 + 2000 = 2360 
And V(T) = V(X) + V(Y) = 432 + 5000 = 5432, std dev = 73.7021 

 

b. ( ) 9713.90.1
7021.73

23602500
)2500( =≤=






 −

≤=≤ ZPZPTP  

 
 
81.  

a. E(N) ⋅ µ = (10)(40) = 400 minutes 
 
b. We expect 20 components to come in for repair during a 4 hour period,  

so E(N) ⋅ µ = (20)(3.5) = 70 
 
 
82. X ~ Bin ( 200, .45) and Y ~ Bin (300, .6).  Because both n’s are large, both X and Y are 

approximately normal, so X + Y is approximately normal with mean (200)(.45) + (300)(.6) = 
270, variance 200(.45)(.55) + 300(.6)(.4) = 121.40, and standard deviation 11.02.  Thus, P(X 

+ Y ≥ 250) ( ) 9686.86.1
02.11

2705.249
=−≥=






 −

≥= ZPZP  

 
 

83. 0.95 = 







≤≤

−
=+≤≤−

n
Z

n
PXP

/01.
02.

/01.
02.

)02.02.( &µµ  

= ( ),2.2. nZnP ≤≤−  but ( ) 95.96.196.1 =≤≤− ZP  so 

.9796.12. =⇒= nn  The C.L.T. 
 
 
84. I have 192 oz.  The amount which  I would consume if there were no limit is To = X1 + …+ 

X14 where each XI is normally distributed with µ = 13 and σ = 2.  Thus To is normal with 
182=

oTµ  and 483.7=
oTσ , so P(To < 192) = P(Z < 1.34) = .9099. 

 
 
85. The expected value and standard deviation of volume are 87,850 and 4370.37, respectively, so 

9973.)78.2(
37.4370

850,87000,100
)000,100( =≤=






 −

≤=≤ ZPZPvolumeP  

 
86. The student will not be late if X1 + X3 ≤ X2 , i.e. if X1 – X2 + X3 ≤ 0.  This linear combination 

has mean –2, variance 4.25, and standard deviation 2.06, so 

8340.)97.(
06.2

)2(0
)0( 321 =≤=






 −−

≤=≤+− ZPZPXXXP  
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87.  

a. .2),(2)( 222222
yYXxyx aaYXaCovaYaXVar σρσσσσσ ++=++=+  

Substituting  
X

Ya
σ
σ

=  yields ( ) 0122 2222 ≥−=++ ρσσρσσ YYYY , so 1−≥ρ  

 
b. Same argument as in a 
 

c. Suppose 1=ρ .  Then ( ) ( ) 012 2 =−=− ρσ YYaXVar , which implies that 

kYaX =−  (a constant), so kaXYaX −=− , which is of the form baX + . 
 
 

88. ∫ ∫ ⋅−+=−+
1

0

1

0

22 .),()()( dxdyyxftyxtYXE   To find the minimizing value of t, 

take the derivative with respect to t and equate it to 0: 

tdxdyyxtfyxftyx =⇒=−−+= ∫ ∫∫ ∫
1

0

1

0

1

0

1

0
),(0),()1)((20  

 )(),()(
1

0

1

0
YXEdxdyyxfyx +=⋅+= ∫ ∫ , so the best prediction is the individual’s 

expected score ( = 1.167). 
 
 
89.  

a. With Y = X1 + X2, 

( )
( ) ( ) 12

2
1

2
2

1
2

2
2/0 0

1
2/

2121

121

1

1 2/2
1

2/2
1

dxdxexxyF
xx

y xy

Y




⋅
Γ




⋅
Γ

=
+

−−−−

∫ ∫
νν

νν νν
.  

But the inner integral can be shown to be equal to 

( ) ( )
( ) 2/1]2/[

21
2/

21

21 2/)(2
1 yey −−+

+ +Γ
νν

νν νν
, from which the result follows. 

 

b. By a, 2
2

2
1 ZZ +  is chi-squared with 2=ν , so ( ) 2

3
2
2

2
1 ZZZ ++  is chi-squared with 

3=ν , etc, until 22
1 ... nZZ ++  9s chi-squared with n=ν  

 

c. 
σ

µ−iX
 is standard normal, so 

2






 −
σ

µiX
is chi-squared with 1=ν , so the sum 

is chi-squared with n=ν . 
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90.  
a. Cov(X, Y + Z) = E[X(Y + Z)] – E(X) ⋅ E(Y + Z)  

= E(XY) + E(XZ) – E(X) ⋅ E(Y) – E(X)  ⋅  E(Z)  
= E(XY) – E(X)  ⋅ E(Y) + E(XZ) – E(X) ⋅ E(Z)  
= Cov(X,Y) + Cov(X,Z). 

 
b. Cov(X1 + X2 , Y1 +  Y2) = Cov(X1 , Y1) + Cov(X1 ,Y2) + Cov(X2 , Y1) + Cov(X2 ,Y2)  

(apply a twice) = 16. 
 

 
 
91.  

a. )()()()( 22
22

11 XVEWVEWVXV EW =+=+=+= σσ  and  

++=++= ),(),(),(),( 22121 EWCovWWCovEWEWCovXXCov  
2

211 )(),(),(),( wWVWWCovEECovWECov σ===+ .   

Thus, 22

2

2222

2

EW

W

EWEW

W

σσ
σ

σσσσ

σ
ρ

+
=

+⋅+
=  

 

b. 9999.
0001.1
1

=
+

=ρ  

 
 
92.  

a. Cov(X,Y)  = Cov(A+D, B+E) 
= Cov(A,B) + Cov(D,B) + Cov(A,E) + Cov(D,E)= Cov(A,B).       Thus 

2222

),(
),(

EBDA

BACov
YXCorr

σσσσ +⋅+
=  

2222

),(

EB

B

DA

A

BA

BACov

σσ

σ

σσ

σ
σσ +

⋅
+

⋅=  

 The first  factor in this expression is Corr(A,B), and (by the result of exercise 70a) the 
second and third factors are the square roots of Corr(X1, X2) and Corr(Y1, Y2), 
respectively.  Clearly, measurement error reduces the correlation, since both square-root 
factors are between 0 and 1. 

 

b. 855.9025.8100. =⋅ .  This is disturbing, because measurement error substantially 
reduces the correlation. 
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93. [ ] 26120),,,()( 20
1

15
1

10
1

4321 =++== µµµµhYE &  

The partial derivatives of ),,,( 4321 µµµµh  with respect to x1, x2, x3, and x4 are ,
2
1

4

x
x

−  

,
2
2

4

x
x

−  ,
2
3

4

x
x

−  and 
321

111
xxx

++ , respectively.  Substituting x1 = 10, x2 = 15, x3 = 20, and 

x4 = 120 gives –1.2, -.5333, -.3000, and .2167, respectively, so V(Y) = (1)(-1.2)2 + (1)(-
.5333)2 + (1.5)(-.3000)2 + (4.0)(.2167)2 = 2.6783, and the approximate sd of y is 1.64. 

 
 
 

94. The four second order partials are ,
2

3
1

4

x
x

,
2

3
2

4

x
x

,
2

3
3

4

x
x

and 0 respectively.  Substitution gives 

E(Y) = 26 + .1200 + .0356 + .0338 = 26.1894. 
 


