CHAPTER 5

Section 5.1

a PX=1Y=1)=pll)=.20
b. PX£1landY £1)=p(00)+p(0,1) +p(1,0) + p(L1) = .42

c. Atleastonehoseisinuseat bothislands. P(X* OandY 1 0)=p(1,1) +p(1,2) +p(2,1)
+p(2,2)=.70

d. By summing row probabilities, p«(x) = .16, .34, .50 for x =0, 1, 2, and by summing
column probabilities, py(y) = .24, .38, .38fory =0, 1, 2. P(X £ 1) = px(0) + px(1) = .50

e.  P(0,0) =.10, but py(0) x py(0) = (.16)(.24) =.0384* .10, so X and Y are not independent.

2.
a
y
p(x.y) 0 1 2 3 4
0 .30 05 025 025 10 5
X 1 18 .03 015 015 .06 3
2 12 02 01 01 04 2
.6 1 05 05 2
b. PX£1landY £1)=p(0,0)+p(0,1) +p(1,0) + p(1,1) = .56
=(8)(.7)=PXEL XY £1)
c. P(X+Y=0=PX=0andY =0)=p(0,0)=.30
d. PX+Y £1)=p(0,0)+p(0,1) +p(1,0)=.53
3.

a. p(1,1) = .15, theentry in the 1% row and 1% column of the joint probability table.
b. P(X1=X3)=p(0,0) +p(1,2) +p(2,2) + p(3,3) = .08+.15+.10+.07 = .40

C A={ (%) %3 2+%}E { (%)% 2+x}
P(A) =p(2,0) + p(3,0) + p(4,0) +p(3,1) + p(4,1) +p(4,2) +p(0,2) + p(0,3) + p(1,3) =.22

d. P(exactly4)=p(1,3) +p(2,2) +p(3,1) + p(4,0) = .17
P(at least 4) = P(exactly 4) + p(4,1) + p(4,2) + p(4,3) + p(3,2) + p(3,3) + p(2,3)=.46
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Chapter 5. Joint Probability Digtributions and Random Samples

P1(0) = P(X1 =0) =p(0,0) + p(0,1) + p(0,2) + p(0,3) =.19
Py(1) = P(X1 = 1) = p(1,0) + p(L,1) + p(1,2) + p(1,3) = .30, etc.

X1 ‘ 0 1 2 3 4

P,(0) = P(X, = 0) = p(0,0) + p(1,0) + p(2,0) + p(3,0) + p(4,0) = .19, etc

X ‘ 0 1 2 3

p2(%) ‘ 19 .30 .28 23

p(4,0) =0, yet p1(4) =.12>0and pz(0) =.19>0, sop(x1 , %) * P1(xa) Xp2(%e) for every
(X1 , %), and the two variables are not independent.

P(X =3,Y =3) = P(3 customers, each with 1 package)
= P( each has 1 package | 3 customers) xP(3 customers)
=(.6)° x(.25) = .054

P(X =4,Y =11) = P(total of 11 packages | 4 customers) xP(4 customers)

Given that there are 4 customers, there are 4 different waysto have atotal of 11
packages. 3, 3,3,20r3,3,2,30r3,2,3,3 or 2, 3,3, 3. Eachway has probability
(:1%(:3), 0 p(4, 11) = 4(.1)*(:3)(.15) = .00018

P42 =P(Y =2|X =4) xP(X = 4) = %ig(ﬁ) 2(4)? E>(.15) =.0518
) Q

P(X =Y) =p(0,0) + p(1,1) + p(2,2) + p(3:3) + p(4.4) = .1+(.2)(:6) + (.3)(.6)> + (.25)(.6)°
+(.15)(.6)* = 4014
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C.

Chapter 5. Joint Probability Digtributions and Random Samples

p(x,y) =0unlessy =0, 1, ...,x;x=0, 1, 2, 3, 4. For any such pair,

a0
pixy) =P(Y =y [ X =X) xP(X =X) = gyé(ﬁ)y (:4)7 xp, (x)

py(4) = p(y = 4) = p(x = 4,y = 4) = p(4,4) = (:6)*X.15) = .0194

Ao
b3 =p(33) +pa3) = (.6)3(.25)+ gsgj.a) 3(.4)(.15) = .1058
4]
2 a0, .,
py(2 =p(2.2) +p(32) +p(4,2) = (.6) (-3)+g2;i-6) (.4)(.25)
4]
+ 29 6y (4)2(15) = 2678
£
a0
py(D) =p(LD) +p(22) +p(32) +p(4.1) = (.6)(.2) + gli(ﬁ)(-4)(-3)
/]

gg(ﬁ)(_4)2(_25) + g%.e)(.4)3(.15) =.3590
2 P

py(0) = 1— [.3590+.2678+.1058+.0194] = .2480

p(1,1) =.030
PX£1landY £1=p(0,0) +p(0,1) + p(1,0) + p(1,1) =.120
P(X =1) =p(1,0) + p(1,1) + p(1,2) =.100; (Y =1) =p(0,1) + ... + p(5,2) = .300

P(overflow) =P(X +3Y >5)=1-P(X +3Y £5) = 1-PF[(X,Y)=(0,0) or ...or (5,0) or
ODor(L1)or(21)]=1-.620=.380

The marginal probabilitiesfor X (row sumsfrom the joint probability table) are p«(0) =
05, px(1) =.10, p«(2) =.25, px(3) = .30, px(4) = .20, p«(5) = .10; thosefor Y (column
sums) are py(0) = .5, py(1) = .3, py(2) = .2. Itisnow easily verified that for every (x,y),
p(x,y) = px(X) *py(y), so X and Y are independent.
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Chapter 5. Joint Probability Digtributions and Random Samples

a  numerator = gg Zogfo (56)(45)(12) 30,240
%]

30,240 _

300
denominator = + =593,775;p(3,2) =
€6 593,775

1 o820 12 0 X,y_are_non- negative

i gxé ygfi (x+ y) int egers_such_ that

b p(xy) =1 a306 O£ x+Yy£6
: g 6 5 .
f 0 otherwise

a 1= é&f(xy)dxdy Q}q}K(x + y*)dxdy

30 30

\ N\

Kq)Q)xzdydx+ KQQ)y dxdy = 1OKq)x2dx+1OKQ)y

= 20K >€Elg’0009b K=
& 3 g 380,000

26 26 2 2 _ 26 2
b. P(X<26andY <26)= Q)Q)K(x +y )dxdy-lZKQ)x dx

4Kx3|2z =38,304K =.3024

y=ez s y=x2

20

20 30

P(IX-Y[£2)= (@f (X,y)dxdy

region
11

1- @f (x y)dxdy - gf (x, y)dxdy
| 1l

2830 30
1- Q0. f (x, y)dydx - Q

= (after much algebra) .3593

-2

é) f (x, y)dydx
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10.

11.

Chapter 5. Joint Probability Digtributions and Random Samples

fAX) = N _ 0 2 2 _ 2 y3 ?
M= Q, f(x y)dy—QJK(x +y?)dy =10Kx* + K?
20

= 10K + .05, 20£X£30

fy(y) is obtained by substituting y for x in (d); clearly f(x,y) * fy(X) xfy(y),so X and Y are
not independent.

il 5EXE£65L£YE6
f(xy) = | .
i0 otherwise

sincefy(x)=1,f,(y) =1for SEXE£6,5Ey£6

P(5.25£ X £5.75,525£ Y £5.75) = P(5.25 £ X £ 5.75) xP(5.25 £ Y £ 5.75) = (by
independence) (.5)(.5) = .25

y=x+1/6 [ y=x-1/6

5

5

R(XY)T A)= qjdxdy
A

—areaof A=1—(areaof | +areaof I1)

-l x - MY
Xx——forx=0,12,...;¥y=0,1,2, ...

y!

p(x,y) =

pO0) +pOY) +pLo)= e "[L+1 +m]

P(X+Y=m)= ém P(X =k,Y =m- k) —ém e"'mi ™
=0 ’ bl k! (m- K)!
e!™Mgang, . e +m"
ag 1 mT T = , o the total # of errors X+Y also hasa
I'T'I k=0 kg m

Poisson distribution with parameter | + 1 .
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12.

13.

14.

Chapter 5. Joint Probability Digtributions and Random Samples

_ NN - X(1+y) — N - X —
P(X>3) = QQXxe dydx = Q¢ dx =.050

¥
The marginal pdf of X is @ xe*®Ndy = e for 0£x; that of Y is

(S xe "N dy =

a )2 forO£y. Itisnow clear that f(x,y) is not the product of
ty

the marginal pdf’s, so thetwo r.v’s are not independent.

P( at least oneexceeds3) =1—-P(X £3andY £ 3)

=1- Qéxe'x(“”dydle- Qéxe'xe'xydy

-1- ée'x(l- e¥)dx =e? +.25- 2512 = 300

f(x,y) = fx(x) fy (y) e x20y?0
X)Y) =T X = .
Y ’ % 0 otherwise

PX£landY £1)=PX £1) <Y £1)=(1—¢?) (1-e™) = .400
22X 2 4 (2 X
RX+Y£2)= Q € dedx:Qe [1-e( ’]dx

2
=Qe”- e?)dx=1- e?- 2e% =504

PX+Y £1)= @le'x[l- e'(“)]dx:1- 2et =.264,
SOP(1EX+Y £2)=P(X+Y £2)—P(X +Y £1) = 594 - 264 =330

P(X1<t,Xo<t,...,X10<t) =P(Xy<t)... P(Xyg<t) = (1_ e—It)lO

If “success’ = {fail beforet}, then p = P(success) = 1- e'",

2209
and P(k successesamong 10trials) = & =1- ' (1) 10k
&k

P(exactly 5fail) = P( 5 of | 'sfail and other 5 don’t) + P(4 of | 'sfail, mfails, and other 5
90, 89

dont)=¢ o1- e Pe) le™)+g - et)'[1- em)e')
ks 2%
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Chapter 5. Joint Probability Digtributions and Random Samples

Fy)=P(Y £y) =P[(X1£Y) E (X2£Y) C (X3 £Y))]
=PX1£Y)+P(X2£Y) C Xz £Y)] -P(X1 £Y) C (X2£Y) C (X3 £Y)]
= (L-e"Y)+@-e")*-(@1- ") fory3 0

fy)=Fay)= | €'Y +2(1- e")( €")- 31L- &) (1 &)
=4 e?-3e? fory:0

Ev)= gy Hdal e -3 e by = 235&9_ 1.2
a

N I-x-%
foa )= Q, T (XX, X5)d, =@ kX, (1- x,)dx,

72%,(1- % J1- X, - X5)° 0£x,0£36, % +x£1

P(X; + X3 £ 5) = 66%72@(1- X)L~ X - X5)2dx,dx,
= (after much agebra) .53125

f (%)= C‘i f (%, %;)dx, = (‘)72x1(1- % )1- X, - %, )" dx,

18x, - 48x7 +36x’ - 6X;  O0£x £l

P((X,Y) within acircle of radius %) = P(A) = @f (x, y)dxdy
A

. 2
PQ- EE X £_R _Egy EEQ_i _1
2 2
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Chapter 5. Joint Probability Digtributions and Random Samples

)
A=

. 2
PQ-EEXE Reyg RO-R _2

2P RTRT P 2s PR b
f() Jdre 1 24 R? - x

Q f(x y)dy = Ompl-?z dy = pF<2 for—REX£R and
smilarly for fy(y). X andY are not independent since e.g. f4(.9R) =fy(.9R) > 0, yet
f(9R, .9R) =0since (.9R, .9R) isoutside the circle of radius R.

d.

18.
a  PRyx(y|1) resultsfrom dividing each entry in x = 1 row of the joint probability table by
px(1) = .34
.08
P,(0]1) == =.2353
34
20

(L] =< = 5882

ylx

@211 =2 = 1765
34

ylx

b. Pyx(x|2) isrequested; to obtain this divide each entry inthey = 2 row by
px(2) = .50:

y|0 1 2

Rx(Y[2) ‘ 12 28 60

c. PYE£1|x=2=RxOR) +P,x(12) =.12+.28= 40

d. Pxy(x[2) resultsfrom dividing each entry in they = 2 column by py(2) = .38:

X | 0 1 2

Pyy(X2) ‘ 0526 1579 7895
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19.

20.

21.

)

Chapter 5. Joint Probability Digtributions and Random Samples

f(xy) _ KOC+y?)

; _ 20£y£30
w0 = T 100 +.05 ’
KO + y?) 3 9
fo(X|y)=———22L  20£X£30 & = -
X|Y( | y) 1oky2 +.05 X g 380,000ﬂ

30
RY? 5|x=2)= Q fvx (y]22)dy
2 2
- 2 1Y) o - 763
10k(22)2 +.05

R(Y 25)= ) Ty (y)dy = () (10ky? +.05)dy = .75
¥ 2 k(22 +y?)
E(Y |X=22)= xf 22)dy = x d
(Y] ) Q, y Y|X(y| )dy Qy 10k(22)2 + 05
=25.372912

e xezy = y2 KU +YY) 4 - e 028640
@7 “ok(22)? +.05 |

V(Y|X =22) = E(Y? | X=22) — [E(Y | X=22)]° = 8.243976

F (X0 %5, %3) -
frm, (X5 | %, %,) = ﬁ where f, . (X;,X,) = themarginal joint pdf
X1,Xp VL1 A2
¥

of (X1, X2) = (Q, f (X, %, X3 )oX,

(%%, %)
f, (%)

£ 00) = Q, Q, T 0% X X)X,y

fxz,x3|xl (X2,X3 | Xl) = where

For every x and y, fyx(yIx) = fy(y), since then f(x,y) = fyx(ylx) *fx(¥) =fy(y) *fx(x), as
required.
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Chapter 5. Joint Probability Digtributions and Random Samples

Section 5.2

22.

23.

24,

25.

26.

a EX+Y)=d & (x+Yy)p(xy) = (0+0)(.02)
Xy

+(0+5)(.06) + ...+ (10 +15)(.01) =14.10

b. Emax(XY)]=Q & max(x+Yy)xp(x,y)
Xy

= (0)(.02) + (5)(.06) +...+ (15)(.02) =9.60

4 3
EXi-X)=aA a (X1 - X2)><p(x1,x2):

%1=0%,=0
(0—0)(.08) + (0— 1)(.07) + ... + (4—3)(.06) = .15
(which also equals E(X1) — E(X5) = 1.70— 1.55)

Let h(X,Y) = # of individuals who handle the message.

y

h(x,y) 1 2 3 4 5 6
1 2 3 4 3 2
2 2 2 3 4 3
X 3 3 2 2 3 4
4 4 3 2 2 3
5 3 4 3 2 2

6 2 3 4 3 2

Sincep(xy) = & for each possible (x), EINX,Y)] = § & h(x,y) x5 =& = 2.80
Xy

E(XY) = E(X) xE(Y) =L xL =L?

Revenue = 3X + 10Y, s0 E (revenue) = E (3X + 10Y)

5 2
= & & (3x+10y) xp(X, y) = 0xp(0,0) +...+ 35xp(5,2) =15.4

x=0 y=0
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27.

28.

29.

30.

31

Chapter 5. Joint Probability Digtributions and Random Samples

X~ Y| 6x%ydxdy = Zéé(x - y)»6x?ydydx

o
O

E[h(X,Y)] =

5
12 3y - X2y )dydx = 128 —dx = =
[y - x?y?)ay 0

O
O/~

E(XY) = a a xyxp(x y)=a & xyxp,(¥ xp, (y) = a Xp, (X) >a yp, ()

y Xy
=E(X) ><E(Y) (replace S with - ¢ in the continuous case)

2 2 2 \1 2
Cov(X,Y) = - = and M =m, :E' E(X%) = QX xf_ (x)dx

! 12 1 1 4 1
=12x3(1- deX =_=—,SOVarX:—-—:—
@ ( ) 60 5 % 5 25 25
Similarly, Var(Y)—i sOr,y = s —-@2-667

JENE T

a  E(X)=555E(Y) =855 EXY)=(0)(.02) + (0)(.06) + ... + (150)(.01) = 44.25, 50
Cov(X,Y) = 44.25 — (5.55)(8.55) = -3.20

b. s%=1245s)=19.15s0r ,, = - 3.20 - 207

J(12.45)(19.15)

a EX= X, ()dx= ) x[10Kx? + 05|dx = 25.329 = E(Y)

E(XY) = é& Xy XK (x* + y?)dxdy = 641.447
b Cov(X,Y) =641.447 - (25.329) = - .111

b, EX?)= (‘Sj’xz[lonz + 05|k = 649.8246 = E(Y?),

0 Var (X) = Var(Y) = 649.8246 — (25.329)° = 8.2664
-.111

) |/ (8.2664)(8.2664)
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32.

33.

34.

35.

36.

Chapter 5. Joint Probability Digtributions and Random Samples

Thereisadifficulty here. Existenceof r requiresthat both X and Y have finite means and

variances. Y et since the marginal pdf of Y is#2 fory3 0,
( | (L-y)
¥ oy Y(1l+y-1 ¥ 1 ¥y 1
E -nN—2 = = dv - dy, and th
) Q(1+ y)zdy Q (1+y)2 Q(1+y) / Q(1+ y)2 Y andine

firstintegral isnot finite. Thusr itself isundefined.

Since E(XY) = E(X) XE(Y), Cov(X,Y) = E(XY) — E(X) xE(Y) = E(X) xE(Y) - E(X) xE(Y) =

_ Cov(X,Y)
0, and since Corr(X,Y) = S— ,then Corr(X,Y) =0

Xy

a. Inthediscrete case, Var[h(X,Y)] = E{[h(X,Y) — E(h(X,Y))]*} =
a ah(xy)- E(h(X,Y)I*p(x y) =@ a [h(xy)* p(x, y)] - [E(h(X,Y))]*
Xy Xy

Y . o] ] . .
with g replacing @ @ in the continuous case.

b. E[h(X,Y)] = E[max(X,Y)] = 9.60, and E[h?(X,Y)] = E[(max(X,Y))?] = (0)*(.02)
+(5)2(.06) + ...+ (15)%(.01) = 105.5, s0 Var[max(X,Y)] = 1055 — (9.60)* = 13.34

a  Cov(aX +b,cY +d)=E[(aX +b)(cY +d)] — E(aX + b) xE(cY +d)
= E[acXY +adX +bcY + bd] — (aE(X) + b)(cE(Y) + d)
= acE(XY) — acE(X)E(Y) = acCov(X,Y)

b. Corr(@X +b,cY +d)=
Cov(aX +b,cY +d) _ acCov(X,Y)
JVar(aX +b)Var(cY +d) |a|xc|,Var(X)Nar(Y)
=Corr(X,Y) when aand c have the same signs.

¢c. Whenaand cdiffer in sign, Corr(aX + b, cY + d) =-Corr(X,Y).

Cov(X,Y) = Cov(X, aX+h) = E[XxaX+b)] — E(X) E(aX+b) = aVar(X),
aVar (X) _ aVar (X)

Nar (X)¥ar(Y) JVar (X)xa?Var (X)

so Corr(X,Y) =

=1lifa>0,and-1lifa<0
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Section 5.3
37.
Px) | 20 50
POo) | *Ix 25 40
20 25 04 10 06
50 40 10 25 15
30 65 06 15 09
a
X ‘ 25 25 40 45 525 65
p(X) ‘ 04 20 25 12 30 09

38.

Chapter 5. Joint Probability Digtributions and Random Samples

=

o

s? ‘ 0 1125 3125 800

P(s%) ‘ 38 20 30 12

P(To) | 04 20 37 30 09
m, = E(T,) =2.2=2xm

s+ =E(Ty)- E(T,)* =5.82- (22)* =.98=2>°
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Chapter 5. Joint Probability Digtributions and Random Samples

39.
X 0 1 2 3 4 5 6 7 8 9 10
x/n 0 1 2 3 4 5 6 7 8 9 10
p(x/ny | OO 000 000 001 .005 .027 .08 .201 .302 .269 .107
X isabinomia random variablewithp =.8.
40.

a. Possiblevaluesof M are: 0,5, 10. M =0when all 3 envelopes contain O money, hence
p(M =0) = (.5)*=.125. M = 10 when thereisasingle envelope with $10, hence p(M =
10) = 1— p(no envelopes with $10) = 1 — (.8)° = .488.
p(M =5) = 1—[.125 + .488] = .387.

M | 0 5 10

p(M) | 125 387 488

An aternative solution would beto list all 27 possible combinations using atree diagram
and computing probabilities directly from the tree.

b. Thestatistic of interest is M, the maximum of X, X, or X3, sothat M =0, 5, or 10. The
population distribution isasfollows:

X ‘ 0 5 10

pX) ‘ 1/2 3/10 1/5

Write a computer program to generate the digits 0 — 9 fromauniform distribution.
Assign avalue of Oto thedigits0— 4, avalue of 5to digits5— 7, and avalue of 10 to
digits8 and 9. Generate samples of increasing sizes, keeping the number of replications
constant and compute M from each sample. Asn, the sasmple size, increases, p(M = 0)
goesto zero, p(M = 10) goesto one. Furthermore, p(M = 5) goesto zero, but at aslower
rate than p(M = 0).
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Chapter 5. Joint Probability Digtributions and Random Samples

41.
Outcome 11 1,2 13 14 21 22 23 24
Probability 16 12 08 04 12 09 06 .03
X 1 15 2 25 15 2 25 3
r 0 1 2 3 1 0 1 2
Outcome 31 32 33 34 41 42 43 44
Probability = 08 06 .04 02 04 03 02 .01
X 2 25 3 35 25 3 35 4
r 2 1 0 1 3 2 1 2
a.
i‘ 1 15 2 25 3 35 4
p(x) ‘ 6 24 25 20 10 04 01
b. P(XE25)=8
C.
r ‘ 0 1 2 3
p(r) ‘ 30 40 22 .08
d. P(X£15=P1111)+PR1LY+... +P1112) +P1122) +... +P2211) +
PGLLL) +...+P(1,1,1,3)
= (4)* + 4(4)°(.3) + 6(4)(.3)% + 4(4)*(.2)* = .2400
42.
a
X 2775 280 297 2995 3165 319 336
W+ 5 5 5 % b b
b.
X | o 3165 3L9
I

c. dlthreevauesarethesame: 30.4333
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43.

44,

45,

Chapter 5. Joint Probability Digtributions and Random Samples

The statistic of interest isthe fourth spread, or the difference between the medians of the
upper and lower halves of the data. The population distribution isuniform with A =8and B
=10. Useacomputer to generate samples of sizesn =5, 10, 20, and 30 from auniform
distribution with A = 8 and B = 10. Keep the number of replications the same (say 500, for
example). For each sample, compute the upper and lower fourth, then compute the
difference. Plot the sampling distributions on separate histograms for n =5, 10, 20, and 30.

Use a computer to generate samples of sizesn =5, 10, 20, and 30 from aWeibull distribution
with parameters as given, keeping the number of replications the same, asin problem 43
above. For each sample, calculate the mean. Below is ahistogram, and anormal probability
plot for the sampling distribution of X for n =5, both generated by Minitab. Thissampling
distribution appearsto be normal, so since larger sasmple sizes will produce distributions that
are closer to normal, the others will also appear normal.

Using Minitab to generate the necessary sampling distribution, we can see that as nincreases,
the distribution slowly moves toward normality. However, even the sampling distribution for
n=50isnot yet approximately normal.

n=10
Normal Probabiiity Plot
90 —f
80 5 .999
70 — .99 =
60 =1 .95
>
2 50 £ 80 —
2 w0 5
.50 4
§ 30 - -8
& .20 4
20 o 0
10 - .05
.01 4
00— S
T T T T T T T T T T .001 o+
o 10 20 30 QO 50 60 n 80 90
5 15 25 35 45 55 65 75 85
n=10
Anderson-Daring Normality Test
ASquared: 7406
P-\alue: 0.000
n=>50
Normal Probability Plot
70 999
99 o
60 — 95 -
2
50 — % 80 -
I o 504
S 40 — <]
g & 20+
o 30 05
w -
20 - oi
001 + 2
10 —
0 — = — =W} 20 30 40 50 60

15 25 35 45 55 65 Aderson-Darling Normality Test
ASquared: 428

P-valie: 0.000
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Section 5.4

46.

47.

48.

m= 12 cm s=.04cm

a n=16 E(X) =m=12cm s_:S—X:%:.omm

" dn
— .04
b. n=64 E(X) =m=12cm syz—X=?=_005cm

c. Xismore likely to be within .01 cm of the mean (12 cm) with the second, larger,
sample. Thisisdueto the decreased variability of X with alarger sample size.

m=12cm s=.04cm
a n=16 P(11.99£ X £1201)= ng 7 EMQ
e .01 01l g
=P(-1£Z£1)
=F(D)-F()
= 8413 - .1587
= 6826
b. n=25 R(X >1201)= PEZ S1201- 126 o010
e 04/5 g
=1-F(125)
=1-.8%44
=.1056
S 1
a =m=50,s,=-X=—-_=10
X Jn 4100
P(49.75£ X £50.25)= Pgé—g'?S_ 0 £ZE 50.25- %09
e .10 0 g
=P(-25£Z £25) = 9876
b, P(4975E X £5025)» Péé975- 49.8 7€ 50.25 - 49.89
e .10 .10 17}

=P(-5£Z £45)= 6915
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49.

50.

51.

52.

Chapter 5. Joint Probability Digtributions and Random Samples

a 11PM.-6:50P.M. =250 minutes. With Tg=Xj +... + X40 =total grading time,
m, =nm=(40)(6) =240 ands ; =s Jn=37.95 s P( To £ 250) »

PaJZ g 20- 2406_ (7 ¢ 26)= 6026

37.95 g
260- 240
b. P(T, >260)= P& > 2" 9 p(z > 53) = 2081
e 3795 g
m= 10,000 psi s =500 psi

a n=40
a9,900- 10,000 c7¢ 10,200- 10,0000

= e
é 500/ /40 500/4/40 g

=P(-126£Z £253)
=F(253)- F(-1.26)
=.9943 - .1038
=.8905
b. According to the Rule of Thumb given in Section 5.4, n should be greater than 30in
order to apply the C.L.T., thus using the same procedure for n = 15 aswas used for n =
40 would not be appropriate.

P(9,900£ X £10,200)»

X ~N(10,4). Forday 1,n=5

A X £11=PE £ 117290 b7 £119) = 8686
% 2//5

Forday 2,n=6

AX £1=P% £ 217190 b7 £129) = gass
g 2//6 g

For both days,
P( X £ 11)=(.8686)(.8888) =.7720

X ~N(10), n=4

m. =nm= (4 (10) =40 ands ;, =s Vn =(2)) =2,
We desire the 95! percentile: 40 + (1.645)(2) = 43.29
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54,

55.

56.
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a.

Chapter 5. Joint Probability Digtributions and Random Samples

=50, s=12
n=9
X sy=p& s 2100 b5 55 21. 9938 = 0062
g 1.2/-/9 %
n=40
X sn=P& s 2100 p7s557),0
E 1.2/-/40 5
S .85
=m=265,s; =—*%=—=.17
my 5
3.00- 2.65¢

R(X £300=PEZ £ =29 p(Z £ 2.06) =.9803
e A7 g

PR65£ X £300== P(X £ 3.00)- P(X £ 2.65) =.4803

3.00- 2.650_

85/\n 5
whichn=32.02. Thusn= 33 will suffice.

P(X £300)= P? £ .99 implies that o 35 2.33, from

5//n

m=np=20 s =./npq =3.464

a

P(25£ X ) » P?M
@ 3.464

£792= P(L.30£ Z) =.0968
a
45- 20 255- 20
M15£ X £25)»P€é' £Z£ 9
& 3.464 3.464 g
= P(- 1L.59£ Z £1.59) = .8882

With'Y =# of tickets, Y has approximately anormal distribution with m =1 =50,
T = 7071 oramev 1y RS0 T0S-50
e 7.071 7071 g

£27 £290)=.9838

Here M =250,s # = 250,s =15.811, soP(225£Y £275) »

P?M £ZE MQ =P(-161£Z £ 1.61) = .8926
e 15811 15811 g
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57. E(X) =100, Var(X) =200, S , =14.14,s0P(X £ 125) » pg:z EMQ
e 1414 g

= P(Z £1.77) = 9616

Section 5.5

58.
a  E(27Xy + 125X, +512X5 ) = 27 E(X4) + 125 E(X,) + 512 E(X3)
= 27(200) + 125(250) + 512(100) = 87,850
V(27X + 125X, + 512X3) = 272 V(X1) + 1257 V(X,) + 512% V(X3)
=277 (10)* + 1257 (12)* + 512% (8)* = 19,100,116

b. Theexpected valueisstill correct, but the variance is not because the covariances now
also contribute to the variance.

59.
a E(X1+X2+X3):180 V(X1+X2+X3):45 Sx+xz+x3 =6.708
200 - 180¢
P(x1+x2+x3£200)—PaJZ £ 20 200 b7 £ 2.98) =.9986
6.708 g
P50 £ X1 + Xs +x3£200) = P(- 4.47 £ Z £ 2.98) » .9986
b. M =m=60,s, _S. 5505
Jno /3
55- 60

P(X 3 55) = Pa% 3

2=p(z 3 - 2.236) =.9875
2.236 g

P(S8£ X £ 62) =P(- .89£ Z £.89) = .6266

C. E( X1 -.5X5-5X3 ) =0;

V(X1 -5Xy-5X3)=S [ +.255 2 + .25 2 = 22.5, d=4.7434
10- 0 £z 5-0 9
4.7434 4.7434
= P(- 211£ Z £1.05) = .8531- 0174= 8357

P(-10£ X - 5X5 -5X3 £5) = Pg

14



60.

61.

62.

63.

Chapter 5. Joint Probability Digtributions and Random Samples

d. E(X1+X2+X3):150, V(X1+X2+X3):36,S :6

160- 150
POy + X, + X3 £.200) = P37 ETQ: P(Z £1.67) =.9525
e 4]

Wewant P( X1 + X5, 3 2X3), or written another way, P( X1 + X5 - 2X33 0)
E(X1+X2-2X3):40+50—2(60):'30,
V(X; +X2-2X3)=S 7 +S . +4s 2 = 78,36, 50=8832, 50
0- (-30)¢
P(X1 + X, - 2Xs? 0)= PEZ 2 0-(396_ P(Z 3 3.40) =.0003
=) 8832 g

Y isnormally distributed with m, = %(ml +m,) 1(rr13 +m,+m)=-1,and

3
1 1 1 1 1
s 2 :ZS 2 +ZS 2 +§s z +§sj +§552 =3.167,s, =1.7795.

Thus, P(O £ Y) = P(;:;é) )
e1.7795

£72=P(56£ Z) =.2877 and
9

2 .
P-1£Y£1)=PROLZE Q- pP(0£Z £1.12) = .3686
& 1.779

a.  Themargina pmf’'sof X and Y are given in the solution to Exercise 7, from which E(X)

=28 E(Y)=.7,V(X) =166, V(Y) =.61. ThusE(X+Y)=E(X) + E(Y) =35, V(X+Y)
=V(X) +V(Y) = 2.27, and the standard deviation of X +Y is1.51

b. E(@BX+10Y) =3E(X) + 10E(Y) = 15.4, V(3X+10Y) = 9V(X) + 100V(Y) = 75.94, and the
standard deviation of revenueis8.71

E( Xy + Xz + X3 ) = E(X1) + E(Xz ) + E(X3) = 15+ 30+ 20 = 65 min,,
V(X1 +Xo +Xg) =12+ 2 +15° =758, , . =+/7.25=2.6926
60- 65¢_

2= P(Z £ - 1.86) =.0314
2.6926 g

Thus, P(Xl +Xo+ X3 £ 60) = Pa £
e

a  E(X:)=170,E(X;) = 155, EXuX2) = @ @ %X, P(X,,X,) = 3.33, 50 Cov(X.X2) =

X X

E(X]_Xz) - E(Xl) E(Xz) =3.33-2635=.695

b. V(X1 +X2)=V(Xy1) + V(Xp) +2 Cov(X1,X7)
= 1,50 + 1.0875 + 2(.695) = 4.0675
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65.

66.
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Let Xy, ..., X5 denote morning times and X, ..., X109 denote evening times.
a E(Xl + ...+ XlO) = E(Xl) +...+ E(XlO) =5 E(Xl) +5 E(XG)
=5(4) +5(5) =45

b. Var(Xl + ...+ XlO) —Va'(Xl) +...+ Va'(xlo) = SVH(X]_) + 5V3'(X6)
é64 . 100 100y _ 820

=55— =68.33
82 128 12
C. E(Xl—XG):E(Xl)-E(XG):4—5 -1
64 100 164
Va(X;—Xg) =Va(Xy) + Va(Xg) = — +— =——=13.67
a(X1—Xe) =Var(Xy) +Va(Xe) = 2 1 12

d. EXi+...+Xs)=(Xeg+... +X10)] =5(4) - 5(5) =-5
Var[(Xy +... +Xs5) = (Xg + ... + X10)]
=Va(Xy +... +Xg) + Var(Xg + ... + X10)] =68.33

m=5.00,s = .2

2 E(X-V)=0 V(X-V)=3-+5" = 0032, S 5 - =.0566
25 25

b P(-.1£X-Y£.1)» P(- L77£Z £1.77)=.9232 (by the CLT)

2 2
b V(X-V)=>_+3 = 0022222, s, . =.0471
36 36

p P(-.1£ X- Y£.1)» P(- 212 £ Z £ 2.12) =.9660

a  With M =5X; +10X,, E(M) = 5(2) + 10(4) = 50,
Var(M) =52 (.5)% + 10 (1)? = 106.25, s\ = 10.308.

255- 50
b. 75<M)= P
A )= Pe 0308

< 7%= p(2.43< 7) = .0075
(%]

c. M=AX;+AX,withthe A,'sand X,’s al independent, so
E(M) = E(A1X1) + E(A2X2) = E(A1)E(X1) + E(A2)E(X2) =50
d. Va(M)=EM?) —[EM)]>. Recall thatforanyr.v.Y,
E(Y?) = Var(Y) + [E(V)2. Thus, EM?) = E(AZX2 +2A X, A, X, + AZX?)
= E(A?)E(x2)+ 2E(A)E(X, )E(A, )E(X,) + E(A2 JE(X2)
(by independence)

=(.25+ 25)(.25 + 4) + 2(5)(2)(10)(4) + (.25 + 100)(1 + 16) = 2611.5625, so Var(M) =
2611.5625 — (50)% = 111.5625
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69.
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e. E(M)=50still, but now
Var(M) = a’Var(X,) + 2aa,Cov(X,, X,) +a:Var(X,)
= 6.25 + 2(5)(10)(-.25) + 100=81.25

Letting X1, X2, and X3 denote the lengths of the three pieces, the total length is

X1 + X5 - X3 Thishasanormal distribution with mean value 20 + 15— 1 = 34, variance
.25+.16+.01 = .42, and standard deviation .6481. Standardizing gives

P(345 £X1+X5-X3£35)=P(77£Z £154)=.1588

Let X, and X, denote the (constant) speeds of the two planes.

a. After two hours, the planes have traveled 2X; km. and 2X, km., respectively, so the
second will not have caught the first if 2X; + 10> 2X,,i.e if X, —X; <5. X, — X1 hasa
mean 500 — 520 = -20, variance 100 + 100 = 200, and standard deviation 14.14. Thus,

P(X, - X, <5) = P&Z < 5 C200_p7 <177) = o616,
e 1414 ¢

b. After two hours, #1 will be 10 + 2X; km from where #2 started, whereas #2 will be 2X
from whereit started. Thus the separation distance will bea most 10if |2X; — 10— 2X,|
£10,i.e.—10£ 2X, — 10— 2X; £ 10,
i.e.0£ X, — X1 £ 10. The corresponding probability is
PO£ X, — X1 £10)=P(141£ Z £ 2.12) = .9830 - .9207 = .0623.

a  E(Xy+ X+ X3) =800+ 1000 + 600 = 2400.

b. Assuming independence of X1, X2, X3 Var(Xy + Xz + X3)
=(16)* + (25)> + (18)> = 12.05

c. E(Xy+X;+X3)= 2400 asbefore, but now Var(X; + X5 + X3)
= Va’(Xl) + VH(Xz) + Va’(X3) + 2COV(X1,X2) + 2COV(X1, X3) + 2COV(X2, X3) = 1745,
withsd =41.77

a E(Y,)=.5 s E(\N):énixE(Yi):-5én. i :w
o, Var(Y) = .25 soVar (W) = éﬂ i2>«/ar(Yi)=.25§n. 2 n(n+1;E12n+])
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73.

74.
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a M =aX,+a,X, +W{xix=aX, +2,X, + W, s0
E(M) = (5)(2) + (10)(4) + (72)(1.5) = 158m
s 2 =(5)*(:5) + (10)*(1)* +(72)*(25)* = 430.25, s ,, =20.74

200- 158¢
b. P(M £ 200)= P‘?fi g R0, P(Z £ 2.03) =.9788
e 2074 g

Thetotal elapsed time between leaving and returning is T, = X1 + X, + X3 + X4, with
E(T,) =40, s TZO =40, s T = 5.477 . T, isnormally distributed, and the desired value t

isthe 99" percentile of the lapsed time distribution added to 10 A.M.: 10:00 +
[40+(5.477)(2.33)] = 10:52.76

a. Both approximately normal by the C.L.T.

b. Thedifferenceof twor.v.’sisjust aspecial linear combination, and alinear combination
of normal r.v’s hasanormal distribution, so X-Y has approximately anormal

8  6°

distribution with My - =5 ands 2 ; = —+— =2.629,s - ; =1.621
rT‘)?—Y X-Y 40 35 X-Y
- 1- 5 1- 5 &
¢ Pl1EX-YEURPE 2z 20
€l.6213 1.6213 g
= P(- 3.70£ Z £ - 2.47) » .0068
— = 10- 59 : A
d. P(X-V310)8P%3 9= p(z 2 3.08) =.0010. This probability is
e 1.6213g
quite small, so such an occurrenceisunlikely if M - M, =5, and we would thus doubt

thisclaim.

X is approximately normal with M) =(50)(.7) =35 and s/ = (50)(.7)(.3) =10.5, as
isYwith m, =30 ands > =12. Thusm,_, =5 ands ;_, =225, so

10 0 4
p-5E£X-YES)»PE—£72e—2=P(-211£Z £0) = 4826
&4.74 4745
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Supplementary Exercises

75.

76.

77.

a.  px(x) isobtained by adding joint probabilities across the row labeled x, resulting in px(X)
=.2,.5, 3for x =12, 15, 20 respectively. Similarly, from column sums py(y) = .1, .35,
B5fory =12, 15, 20 respectively.

b. P(X£15andY £ 15) =p(12,12) + p(12,15) + p(15,12) + p(15,15) = .25

C. pPx(12) ¥py(12) =(.2)(.1)* .05=p(12,12),s0 X and Y are not independent. (Almost any
other (x,y) pair yields the same conclusion).

E(X+Y) =8 a (x+ y)p(x,y) = 33.35 (or = E(X) + E(Y) = 33.35)

o

®

E(X-Y)=a & |x+yp(xy) =385

Theroll-up procedureis not valid for the 750 percentileunless S ;| = Oors 5 = 0 or both
S, andS , =0, asdescribed below.
Sum of percentiles: m+(2)s,+m+(Z)s,=m+m +(Z)(s,+s,)

, _ 2 2
Percentile of sums: m +m, +(2)./s cts’

These are equal when Z = 0 (i.e. for the median) or in the unusual case when
S,+s, :4/sf+s f , which happenswhenS ; =0 or S, =0 or both S ; and
s, =0.

x+y=30

Xx+y=20

>

20 30- x 30 30-x

[
a 1=, 0, F(xYdxdy=¢) ), keydydx+ 3 Q) keydycx
_ 81250, _ 3

3 81250

30- x

b @ loydy = k(250x- 10x) O£ x£ 20
b F ()T 0,2
§Q loydy=k(450x- 30x*+1x% 20£Xx£30

and by symmetry fy(y) is obtained by substituting y for x in fx(x). Sincefx(25) > 0, and
fy(25) >0, but f(25, 25) = 0, fx(X) Xfy (y) * f(x,y) foral x,y so X andY arenot
independent.
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20 25 x 25 25 x
c. P(X+YE£25= @ Q) kxydydx+ QQ kxydydx
__ 3 230625 _ 355
8,250 24

d E(X+Y)= E(X)+E(Y)= 2{@2°xxk(250x- 102 Jox

+ X K(450x - 30x* +1 x3)dx} = 2k(351,666.67) = 25.969
e E(XY) =, xyxf(xy)ixdy =y § k¢ y’dydx

3030x 5 _ k33,250,000 _
+Q,0 kx?y2dydx = ng =136.4103, so

Cov(X,Y) = 136.4103 — (12.9845) = -32.19, and E(X?) = E(Y?) = 204.6154, s0

S =s7=2046154- (12.9845)" = 36.0182and I = - 3219 _
36.0182
f.  Va (X+Y)=Va(X)+ Var(Y) + 2Cov(X,Y) = 7.66
. ay-100¢'
A (y) =P(max(Xy, ..., Xp) £Y) =P(X1£Y, ..., Xs £Y) = [PX1 £Y)]" = ¢ + for
e 100 g
100 £ y £ 200.
n n-
Thusfy(y) = 100" (y- 100) ' for 100£ y £ 200.
\200 n n-1 n ‘100 n-1
E(Y) = x——(y- 100 =— u+100)u™-du
(V)= Q, ¥ (V- 200) o @ (u+100)
:100+L(§°°u“du - 100+100—" = 2" L 900
100" n+l n+1

E(X +Y + Z) =500+ 900 + 2000 = 3400
502 1007 . 1807
+ +
365 365 365
P(X +Y +Z £3500) = P(Z £9.0) » 1

Var(X+Y +2Z)= =123.014, and the std dev = 11.09.
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84.

85.

86.
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a LetXjy,..., X1, denote the weights for the business-class passengersand Yy, ..., Yso
denote the tourist-classweights. Then T = total weight
=X1+ ..+ X +HY+ .+ Y50=X+Y
E(X) = 12E(X ;) = 12(30) = 360; V(X) = 12V(X4) = 12(36) = 432.
E(Y) = 50E(Y;) = 50(40) = 2000; V(Y) = 50V (Y1) = 50(100) = 5000.
Thus E(T) = E(X) + E(Y) = 360 + 2000 = 2360
And V(T) =V(X) + V(Y) =432 + 5000 = 5432, std dev = 73.7021

2 2
P% c 500 - 3600

= P(z £1.90) =.9713
73.7021 g

b. P(T £ 2500) =

a.  E(N) xm=(10)(40) = 400 minutes

b. Weexpect 20 componentsto comein for repair during a4 hour period,
so E(N) xm=(20)(35) =70

X ~Bin (200, .45) and Y ~ Bin (300, .6). Because bothn's arelarge, both X and Y are
approximately normal, so X + Y is approximately normal with mean (200)(.45) + (300)(.6) =
270, variance 200(.45)(.55) + 300(.6)(.4) = 121.40, and standard deviation 11.02. Thus, P(X

249.5- 27
Pa% 2 2495- 2100 _ 175 1 gg) = o686
11.02 g

+Y 3 250) =

02 i

01/4/ng

Pl- 2/ £2 £ .2/n) but P(- 1.96 £7 £l.96) =95 50
2:/n=196p n=97. TheCLT.

095= P(m- .02£ X £ m+. 02)&Pg

| have 192 oz. The amount which | would consumeif therewereno limitisTyo =X + ...+
X14 Where each X, isnormally distributed withm= 13 ands = 2. Thus T, is normal with

m, = 182 and s T, = 7.483, 50 P(T, < 192) = P(Z < 1.34) =.9099.

The expected value and standard deviation of volume are 87,850 and 4370.37, respectively, so

100,000 - 87,850¢
PB% £ O- p(z £2.78) = .9973

P(volume£ 100,000) = 4370.37
%)

The student will not belateif X1 + X3 £ X5, i.e.if X1 —X,+ X3 £0. Thislinear combination

has mean —2, variance 4.25, and standard deviation 2.06, so

- - 2 I
0-(2¢_ P(Z £ .97) = .8340
(%]

P(X,- X, +X;£0)=PEZ £
e
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a Var(aX+Y)=a’s}+2aCov(X,Y)+s =a’s}+2as,S,r +S ..

S
Substituting @ =— yieldsS { +25 Jr +s =25$(1- r)3 O,sor 3 -1
S
X

b. Sameargumentasina

c. Suppose I =1. Then Var(aX - Y)= 2s 3(1- r )= 0, which implies that
aX - Y =K (aconstant), so aX - Y =aX - k,whichisof theform aX +b.

1
~

1
E(X+Y-1t)?= QQ(X+ y - 1)% xf (X, y)dxdy. Tofind the minimizing valueof t,
take the derivative with respect to t and equateit to O:

0=Q20x+y- (- D (x y) =0P JQHf (x, y)dxdy =t

= éé(x+ y) Xf (X, y)dxdy = E(X +Y), so the best prediction isthe individual’s
expected score ( = 1.167).

a  WithY =X+ Xy,

1 Mmoo XX

FY(Y):Qy%CS_Xl 5 L X—0 X2 X2 e 2 dxydx,.
19 Egh 12) 29%Gh, 12) b

But the inner integral can be shown to be equal to

1 y[(n1+n2)/2]-1
20m)2Q{(n, +n,)/2)

-y /2

e , from which the result follows.

b. Bya Z7 +Z7 ischi-squared withn =2, s0 (le + ZZZ)+ Z?Z ischi-squared with
n =3, etc,until Z>+ ...+ Z> 9schi-squared withn =n

X -m

S
ischi-squared withn =nN.

ischi-squared withn =1, so the sum

oo S

_ ex,-m
is standard normal, so g—
S

202



90.

91.

92.

Chapter 5. Joint Probability Digtributions and Random Samples

Cov(X,Y +Z) =E[X(Y + Z)] — E(X) xE(Y +2Z)
= E(XY) + E(XZ) — E(X) xE(Y) — E(X) xE(2)
= E(XY) — E(X) xE(Y) + E(XZ) — E(X) XE(Z)
= Cov(X,Y) + Cov(X,2).

Cov(X1+ Xz, Y1+ Y2)=Cov(Xy, Yy) + Cov(Xy,Y2) + Cov(Xz, Y1) + Cov(X2,Y>)
(apply atwice) = 16.

V(X)) =VW +E) =s +s¢ =V(W +E,) =V(X,) and
Cov(X,, X,) =Cov(W + E,W +E,) = Cov(W,W) + Cov(W,E,) +
Cov(E,,W) +Cov(E,, E,) = Cov(W,W) =V(W) =s 2.

s s
Thus, I = W =— w >
JSC+six[sZ+s? Sy+sg
r= 1 =.9999
1+.0001

Cov(X,Y)  =Cov(A+D, B+E)
=Cov(A,B) + Cov(D,B) + Cov(A,E) + Cov(D,E)=Cov(A,B). Thus

_ Cov(A B)
o= Js 2+s? x\/s 2 +g2
A D B E

_ Cov(AB) s, S

B
prd
SiSs 5itsi Asits:

Thefirst factor in thisexpressionis Corr(A,B), and (by the result of exercise 70a) the

second and third factors are the square roots of Corr(X3, X3) and Corr(Yy, Y2),

respectively. Clearly, measurement error reduces the correlation, since both square-root

factors are between O and 1.

4/.8100 %/.9025 = .855. Thisisdisturbing, because measurement error substantially

reduces the correlation.
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E(Y) &h(m,m,,m, m) =120[% + & +-1]| = 26
The partial derivatives of h(m, m,,m,, m,) with respect to xy, X, Xs, and x, are - X—‘;,
X

X, X, 1 1 1 _ _

— T o and — +—+ — respectively. Substituting x; =10, % = 15, x3 = 20, and
X2 XS Xl X2 X3

X4 = 120 gives —1.2, - 5333, -.3000, and .2167, respectively, o V(Y) = (1)(-1.2)* + (1)(-

5333)% + (1.5)(-.3000)° + (4.0)(.2167)° = 2.6783, and the approximate sd of y is 1.64.

2X, 2%, 2X, . o

3 3 3 »andOrespectively. Substitution gives
X X X
E(Y) =26 +.1200 + .0356 + .0338 = 26.1894.

The four second order partialsare
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