CHAPTER 4

Section 4.1

a PX£1)= é f(X)dx = é%xdx:%xz]; =25

b, P(5£X£15)—Q *Lxdx=1x 2]15

e Rx>19= ) f (9= ) axdx=2xC], =L » 438

2. F(X) = 45 for -5£x£5, and = 0 otherwise
a PX<0)= Qlodx_
25, o _
b. P(-25<X<25)= Q.15 dx=.5
3 1
C. P(-2£X£3):Ozﬁdx:.5

k+4 ]k+4 _

d. P(k<X<k+4)—Q =ax = (k+4)- K] =

7ol

a. Graphof f(x)=.09375(4 - %)

/N

f(x1)
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Chapter 4: Continuous Random Variables and Probability Digtributions

2

3
(X >0)= (§.09375(4- X*)dx = 09375(4x - X?)ﬂ =5
Uo

Pl<X <1)= (‘3.09375(4- x?)dx = .6875

S5

Px<-50RX>5=1-P-5£X£.5)=1- 05.09375(4- x%)dx
=1-3672=6328

N ¥ X - x2 2 B 2 [¥
Q, f(xa)dx=g—e "™ dx=-e X2 ]O =0-(-) =1

e
q

200 X

_ 200 . _ X2/ 292
PX £200)= Q, f(x,q)dx—Q q—ze dx

= e7/m [, 1353+1= 8647

P(X <200) =P(X £ 200) » .8647, since x is continuous.
P(X3 200)=1- P(X £ 200) » .1353

P(100 £ X £ 200) = é(;o f(xq)dx=- e’ 2°v°°°]f§§ » 4712
Forx>0,P(X £x)=

X

Q. f(y,q)dy = 6_3;e-y2/zqzdxz_ e_yz/ZqZ]: . g
€

1= §, T 00dx = Qe =k(Z)f =k(2)p k=3

o

64

2xdx =1 x3]1'5 =1 (i)3 - %(1)3 =19 5 2069

Sxedx =1 =1- [2(8)- o]:l- 2. =315 5781

64 64
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Chapter 4: Continuous Random Variables and Probability Digtributions

1= (‘Sk[l- (x- 3)2]dx = qlk[l- u?]du :%p K :%

P(X>3)—Q3[1 (x- 3)?]dx =.5 by symmetry of the p.d.f

PEE X £5)= § 51- (x- 371dx =3 [1- ()2]du =L » 367
4 4]~ Q5 4Q4 128

P([X-3> 5)=1—P(|X-3£ 5)=1— P(25£ X £35)
<5 _5
=1- 05%[1' (U)z]du - 1_6 » 313

f(x) = 5 for 25 £x £ 35 and = 0 otherwise

P(X >33) = éi—tdx =2

2 035

E(X) = x%dx =—qg =30
Qs 208,

30+ 2isfrom 28 to 32 minutes:

32
PB<X<B)= Q5 =% X2 =4

atr2

P(aExE at2) = % , sincetheinterval haslength 2.
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10
\¥ \5 \10 y2 ﬁ d]
f(VAV = ALvay + A (2- L - +& . =2
Q, f(Y)dy =Qzydy +Q (5- =y)dy 504 "5V 50 A
1 é 10 1 1
=Z+44-2)- (2- D)p==+==1
2 é‘ )= ( 2)H 2 2
3 yzu5 o]
m£3)=@%5ydy=5—t.b:5».18

RYES == Qdydy + §(2- Ly)dy=§» 92
QZS Q 5 25 25

P(3£Y£8)‘P(Y£8)-P(Y<3)—@-i:ﬁ: 74
50 50 50

3 10 2
Y<2oY>6)==Q=ydy+ (4- 2y)dy=—=4
RV <20rv>6)== Qzydy +Q (5 V) =

PX£6)= = (‘S.lse‘ A30¢9) gy = .15(5'5 e ™du (afteru=x - 5
— e- 15u ]25 - 1_ e— .825 » 562
1- 562 = .438; 438

P(5E£Y £6)=P(Y £6)-P(Y £5)» 562- .491 = 071
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10.
A
| >
q
\ k 2 10 _q-
=0¥f(xkq)dx Q k+1 k&‘:?&j}q =q_=1
1oub mok
HXEb)‘WdX q _k&jq =1- gBB
kg * 10 a8 o810
EXED) = O _x = U _®o HOo
P(a ) = Q k+1 q >qe2 ngﬂa gag gbg
Section 4.2
11.

PXE£D)=F1=+=.25
P(5EX£1)=F1)-F(5) = % =.1875

P(X>5=1-PX £ 5)=1-F5)= 12 =.9375

b M =2b Mm=4+/2»1414

m’
5=F(M=—2">,
(m ==

f(x) = Fx) = 5 for 0£ x <2, and = 0 otherwise

EX)= &, XXT (x)dx :6x><%xdx: %6x2dx - %ﬂ =§ »1.333
U,

2
E(X)—QX f(x)dx = Qx —xdx-—Qx dX—ggo—Z,

Sovar(X) = EX?) - [EX)P = 2- (&) =& » 222,5,» 471
Fromg , E(X?) =2
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Chapter 4: Continuous Random Variables and Probability Digtributions

. PX<0)=F0)=5

. PLLEXE£1)=F1)-F-1)= 1 =.6875

P(X>5)=1-P(X £ .5 =1-F(5)=1-.6836=.3164

3a& 3x%0

. Fe= qu__§_+_ e X8 0, 37 X0 2=.003754- x*)
3 %

2% 34

F () = .5 by definition. F(0) = .5 from aabove, which s as desired.

k

v K k
p 1=0- (-2)QPb 1=—b k=3
(-3 3

1 QFpr 1:_X

i _ \X _\X -4 __§ -3)(__ -3 — _i
cdf: F(x)-Qf(y)dy—QSy dy = 3y 1- X +1=1 X3.SO
i 0, x£1
FIx)=i
) 1. x% x>1

Px>2)=1-F@=1-(1- 3)=1 or 125
PR<x<3=F@3)- F(2=(1- £)- (1- 1)=.963- .875=.088

®30,  *&30 32 3

E(X) = ) Xc—-dx = Hx=- = =0+_-=—

()= Qxe k=g ez ix=-5X 7| 2

coy = e § B o 3¢ 4 -0vana
ex' g ex g

_3.80 5 9_3
V(X) = E(x?) - [E(X)]? =3 ; 3- 2 =2oTs

= Nx) =% =.866

P(L5- .866 <x <1.5+.866) = P(x < 2.366) = F(2.366)
=1- (2.366°%) =.9245
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If X isuniformly distributed on the interval from A to B, then
B 1 A+B A’ + AB+B?
E(X) = x* dx = E(X)=—«——
(X)=Q 5 A > (X%) 3

2
V(X) = E(X?) — [E(X)] = w .
With A = 7.5 and B = 20, E(X) = 13.75, V(X) = 13.02

10 X<75
FO) = [ 2= 'S 75£x<20

+ 125

% 1 x3 20

P(X £ 10) = F(10) = .200; P(10 £ X £ 15) = F(15) — F(10) = .4

s =361, som+ s = (10.14, 17.36)
Thus, P(m- s £ X £ m+ s) = F(17.36) — F(10.14) = 5776
Smilarly, (m-s £X £m+s) = P(653£ X £2097) =1

F(X)=0forx £0,=1forx 3 1,andfor0< X <1,
X

F(X)=Q, f(Y)dy = 990y°(L- y)dy =90Q)(y*- y°)dy
ooty - 4 y° ) =10%° - 9x°

1.0

F()
I

0.0

0.0 0.5 1.0

F(5) = 10(.5)° — 9(.5)*° » .0107

P(.25£ X £ .5) = F(.5) — F(.25) » .0107 — [10(.25)° — 9(.25)7]
» 0107 — .0000 » .0107

The 75" percentileis the value of x for which F(x) = .75
b .75=10(x)° — 9x)° P Xx».9036
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e EX)= C‘i x xf (X)dx :le>90x8(1- X)dx = 90(:1)x9 (1- x)dx
—ox- o1 = 8 5 8182
E(X?) = Q x? xf (x)dx —Qx x90x° (1- X)dx = 90(‘9x1°(1- X)dx
=20y sl ae1g
V(X) » .6818— (.8182)? = .0124, sy, =.11134.

f.  mts =(.7068,.9295). Thus, P(m- s £ X £ m+ s) = F(.9295) — F(.7068)
= .8465 - .1602 = .6863

a FX)=0forx<OandF(x)=1forx>2 ForOE£XE?2,
— 1,3

F9= Q3 y°dy=3y°]s =4

1.0 -

0.0 —

o
P
N

b. PxES5=F5=1(1) =&

c. P(25EX £ .5)=F(5) - F(.25) =L (1) =L ».0137

d. 75=Fx)=1x°p ¥=6pP x» 18171

e EX)= ciXXf (x)dx —Qx>(3 2)dx g :g(%x“)]z =3=1
€)= X ADC k=3 = (8] = £ =24

V)= 2- (2)?=2=.15 s,=3873

f. mts=(1.1127, 1.8873). Thus, P(m- s £ X £ m+s) = F(1.8873) — F(1.1127) = .8403 -
1722 = 6681
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a For2£XE4, F(X):c‘if(y)dy @%1 (y- 32]dy (etu=y-3)
, X-3
%, o _3€ WU _3é 7 (x-3)°U
=q 2l-vldu="@u- —py ==
Q al-wldi=gai- 50 =83 3 ¢
i 0 X< 2
F():}%[SX 7- (x- 3 2E XE 4
{ 1 X >4

(a- Thus

b. By symmetry of f(x), T =3

¢ EX)= xx%[l- (x- 3)2]dx=%é(y+3)(1- y?)dx

2 4

O/

@ ‘Pu
1
<
<
CDC c
11
I
S
w

1 B Br‘l+1 _ An+l
dx =
A (n+1(B- A

¢ E(X") = (‘fx” -
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Chapter 4: Continuous Random Variables and Probability Digtributions

a  PXXE£1)=F1)=.251+In()] » 597
b. PLEXE£3)=F3)—F(1)».966- 597 » .369

c. f(x)=Fqx)=.25In(4) - .25In(x) foro<x <4

y2
50

5

For 5£y £ 10, F(y) = é f(u)du = (‘9 f (u)du +Qy f (u)du

a ForO£y£5 F(y)—éiudu
Y ¥os

:%+ c—- __du =—Vy- -— -1

1.0 4

0.5 —

F(x1)

0.0 H

b. For0<p£.5,p:F(yp):)é—;|3 y, = (50p)"?

For 5<p£1 p—gy -y—rz’-lb y, =10- 5/2(1- p)
' " 57" 50 P

c. E(Y)=5Dby straightforward integration (or by symmetry of f(y)), and similarly V(Y)=
50
— = 4.1667. For thewaiting time X for asingle bus,

E(X)=25and V(X) = 2
' 12

E(eres) = E(pR%) = (), pr f (r)dr = 5lpr2§gl- (10~ r)? Jar

-39, O r(L- (100~ 20r +1r%) ki =3, Q- 99r?+20r" - r'dr =100
edg 4
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Chapter 4: Continuous Random Variables and Probability Digtributions

a ForlfEx£2 F(X):QXZg[- iz?jjy=2§+l$ —2€e +i9- 4, so
Y o Ya, € Xo
i 0 x<1
Fo=12(x+1)-4 1Ex£2
1|. 1 X>2

=

Zéx +—;-4 PP 2%°—(4—px +2=0P %= 1[4+ p+\,p +8p] To
find rr,setp—.5b m =164

2

e E0= e =9 =28%- %=X - (% =1614
O X g O™ X5 2 oA,

s
EXX?) = Z(i;(x2 - 1)dxzzaei- x% _8 P Va(X)=.0626
3 a3
d. Amount left = max(1.5- X, 0), so
2 15 1
E(amountleft) = (ymax(15- x,0) f ()dx=2() (L5~ 0)&- —
e

2

0
=dx
X @

, . , 9
With X = temperature in °C, temperature in °F = g X +32, so

19 9 &9
ES X +320=2(120) +32=248, Var& x +32%=2 290

g5 H 5 &5 i &g

sos =36

X(2)? =12.96,
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Chapter 4: Continuous Random Variables and Probability Digtributions

¥
kq k\i _qux—k+lg B kq
E(X)—QX X— - dx=kq kadx— -k+1Hq_k-l
E(X) =¥
EX?) = k et 1 dx = ka so
- q Q k-1 k 2’
aekq’ 0 aekq o _ kg ®

V”‘X)‘ék 25 &-1p (k- 2k-1

Va(x) =¥, since E(X?) = ¥.

M Ly kS n- (k+D) L o o
EX" =kq Q X dx , which will befiniteif n— (k+1) <-1, i.e. if n<k.

PY £181T +32) = P(L8X + £ 18T +32)=P(X £ T)= 5

90" for Y = 1.8n(.9) + 32 where h(.9) is the 90" percentile for X, since
Y £ 1.80(.9) +32) = P(L8X + 32 £ 1.8n(9) + 32)
= (X £h(.9)) = .9 as desired.

The (100p)th percentilefor Y is 1.8h(p) + 32, verified by substituting p for .9 in the
argument of b. When'Y =aX + b, (i.e. alinear transformation of X), and the (100p)th
percentile of the X distribution ish(p), then the corresponding (100p)th percentile of the
Y distributionis ah(p) + b. (same linear transformation applied to X’ s percentile)
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Chapter 4: Continuous Random Variables and Probability Digtributions

Section 4.3

26.
a PO£ZE£217)=F(217)- F(0)=.48%0

b. F@)- F(0)=.3413
c. F(0)- F(-250)=.4938
d. F(250)- F(-250)=.9876
e F(1.37)=.9147
f. P(-175<Z)+[1—P(Z<-175)] =1-F (-1.75) = .9599
g. F(2-F(-150)=.9104
h. F(250)- F(1.37)=.0791
i. 1-F(150) =.0668
i. P(|]Z|£250)=P(-250£ Z £ 2.50) = F (250) - F (-2.50) = .9876
27.
a.  .9838isfoundin the 2.1 row and the .04 column of the standard normal table so ¢ = 2.14.
b. POE£Z£c)=.291b F(c)=.7910p c=.81
c. P(c£EZ)=.121bp 1-P(CE£Z)=P(Z<c)=F()=1-.121=.8790pP c=117

d PcEZE£c)=F(c)-F(-c)=F()—(1-F(c)=2F(c)—-1
b F(c)=.9920b c=.97

e P(c£|Z])=.016 b 1-.016=.9840=1-P(c£|Z|)=P(|Z]| <c)

=P(-c<Z<c¢)=F()-F(c)=2F(c)-1
P F(c)=.9920 b c=241
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Chapter 4: Continuous Random Variables and Probability Digtributions

F(c)=.9100 b c» 1.34 (.9099 isthe entry in the 1.3 row, .04 column)

9" percentile = -91% percentile=-1.34

F(c)=.7500 b c¢» .675since.7486 and .7517 arein the .67 and .68 entries,

respectively.

25" = 75" = _ 675

F(c)=.06 b c».-1.555 (both.0594 and .0606 appear asthe—1.56 and—1.55 entries,

respectively).

Areaunder Z curve above zggss is.0055, which implies that
F (Zooss) = 1-.0055 = .9945, 0 Zgps5 = 2.54

F(zg9)=.9100 b z=1.34(since .9099 appears as the 1.34 entry).

F ( Ze33) = areabelow zg33 = .3370 P Zg33 » -.42

P(X £ 100) = p?fz £ %9: P(Z £2) =F (200) = .9772
e

2

PX £80)= PEZE 80-806_psc0=F00)=5
& P

P65 £ X £ 100) = Pgﬁﬁ_—g.o £, £100- 806 P(-150£ Z £2)
e 10 10 g

= F (200) - F (-1L50) = .9772 - 0668 = .9104

P(70£ X) = P(-LO0£ Z) = 1 - F (-1.00) = .8413

P85 £ X £ 95) = P(50 £ Z £ 1.50) = F (150) - F (.50) = .2417

P(]X —80|£ 10) = P(-10£ X - 80 £ 10) = P(70 £ X £ 90)
P(-1L00£ Z £ 1.00) = .6826
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34.

Chapter 4: Continuous Random Variables and Probability Digtributions

18- 15¢%
T=P(Z £24)=F (24) = 9452

2

a Rx£19=PEZE
e

b. POEX £12)=P(-400£ Z £ -2.40) » P(Z £ -2.40) = F (-2.40) = 0082

c. P(X-10/£2(125))=P(-250£ X-15£ 2.50) = P(125£ X £ 17.5)
P(-2.00£ Z £ 2.00) = .9544

a P(X>.25)=P(Z>-83)=1-.2033=.7967
b. P(X £.10) = F(-3.33) =.0004

c. Wewant thevalue of the distribution, c, that isthe 95" percentile (5% of the values are
higher). The 95t percentile of the standard normal distribution =1.645. Soc=.30+
(1.645)(.06) = .3987. Thelargest 5% of all concentration values are above .3987 mg/cnt.

a P(X310)=PZ3 43)=1-F(43)=1-.6664=.3336.
P(X >10) = P(X 3 10) =.3336, since for any continuous distribution, P(x = a) = 0.

b. PX>20)=PZ>4)»0
c. PGEXE£10)=P(-136£Z£ 43)=F(43)-F(-1.36) =.6664 - .0869 = .5795

d. P@B8-CcE£XE£88+c)=.98 5088—cand8.8+careat the 1 and the 99" percentile
of the given distribution, respectively. The 1% percentile of the standard normal
distribution has the value —2.33, so
88— c=m+(-2.33)s =8.8—-233(2.8) b ¢=2.33(2.8) =6.524.

e. Froma, P(x > 10) =.3336. Define event A as{diameter > 10}, then P(at least one A;) =
1-P(no A;)=1- P(A‘)4 =1- (1- .3336)4 =1- .1972 =.8028

Let X denote the diameter of arandomly selected cork made by the first machine, and let Y be
defined analogously for the second machine.
P29E£X £31)=P-1.00£ Z £ 1.00) = .6826

PRI9EY £31)=P(-7.00£ Z £ 3.00) =.9987
So the second machine wins handily.
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38.

39.

40.
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a  m+sx91% percentilefrom std normal) = 30 + 5(1.34) = 36.7
b. 30+5(-1.555)=22225
c. m=3000nm;s = 0.140. We desirethe 90" percentile: 30 + 1.28(0.14) = 3.179
m=43;s =45
40- 439
a P(X<40)= sz£ 25 ——P(Z<-0667) 2514
. 2

P(x>60):Pgez>M9_P(z >3.778)» 0
- 45 g

b. 43+ (-067)(45)=39.985

P& 100 2000 _

P(damage) =P(X <100) = PCZ < ———+= P(Z -3.33) =.0004
e 300

P(at |east one among fiveis damaged) = 1 P(none damaged)

=1-(.9996)° =1-.998 = .002

From Table A.3, P(-(196£ Z £ 1.96) =.95. ThenP(m-.1£ X £ m+.1) =
1 16 A A
Pge_ <z< ——|mp||esthat—- 1.96, and thusthat S =—— =.0510
S g S 1.96

Since 1.28 isthe 90" z percentile (z; = 1.28) and—1.645 isthe 5" z percentile (205 = 1.645),
the given information implies that m+ s(1.28) = 10.256 and m+ s(-1.645) = 9.671, from
which s(-2.925) = - 585, s = .2000, and m= 10.

a P(m-15s £X£m+15s)=P(-1L5£Z £ 15) = F (L50) - F (-1.50) = .8664

b. P(X<m-25so0rX>m+25s)=1-P(m-25s £ X £ m+25s)
=1-P(-25£Z £25)=1-.9876=.0124

c. PMm-2s £EXEm-sorm+s £X £ m+2s)=P(within 2 sd’'s) — P(within 1 sd) = P(m-

2s EXEM+2s)-P(m-s £X£m+5s)
=.9544 - 6826 =.2718
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Chapter 4: Continuous Random Variables and Probability Digtributions

With m=.500 inches, the acceptable range for the diameter is between .496 and .504 inches,
S0 unacceptable bearings will have diameters smaller than .496 or larger than .504. The new

distribution hasm=.499 and s =.002. P(x < .496 or x >.504) =

496- .499 ¢ 504 - .4994
pgez< MQ+ pgez > MQ: P(z <- 1.5)+ P(z > 2.5)
e 002 g e 002 g

F (-1.5)+(1- F(2.5)) =.0068 +.0062 =.073, or 7.3% of the bearingswill be

unacceptable.

a  PB7EXET75)=P(-L00E Z £ 1.67) = 7938
C CO C C
b. P(70-c EXE70+0)= Pe— £7 £ -2=2F(Z)- 1=.95b F(<) =.9750
e 3 3g 3 3
§=1.96I3 c=588

c. 10P(asingleoneisacceptable) = 9.05
d. p=P(X<7384)=P(Z<128)=.9, s0P(Y £8)=B(810,9) =.264
The stated condition implies that 99% of the area under the normal curve withm= 10 ands =

2istotheleftof c—1,soc—1isthe 99" percentile of the distribution. Thusc—1=m+
$(2.33) =20.155, and c = 21.155.

a Bysymmetry, P(-L72£ Z £-55) = P(55£ Z £ 1.72) = F (L.72) - F (55)

b. P(-1L72£Z £ 55)=F(55)-F(-1.72) =F (55)—[1- F (1.72)]
No, symmetry of the Z curve about 0.

X ~N(3432, 482)

4000- 3432 5
a  P(x>4000)= PEZ 5, 4000- 34329
& 182 4

=1- F (1.18) =1- .8810=.1190
000- 3432 4000- 34325

P(3000< x < 4000) = P& <zZ< 2
& 482 482 g

=F (L.18)- F (- .90) = .8810- .1841=.6969

=P(z>1.18)

2000 - 23 - 34324
b. P(x < 20000rx > 5000) = PEZ < 2000- 34329, PeZ > 5000- 34329
e

g & 482 g
= F (- 2.97)+[1- F(3.25) =.0015 +.0006 = .0021
145



46.

47,

48.

Chapter 4: Continuous Random Variables and Probability Digtributions

c. Wewill usethe conversion 1 1b = 454 g, then 7 Ibs = 3178 grams, and we wish to find

P(x >3178)= P"’% 3178- 34329

+=1- F(-.53)=.7019
482 g

d. We need the top .0005 and the bottom .0005 of the distribution. Using the Z table, both
.9995 and .0005 have multiple z values, so we will use amiddievalue, £3.295. Then
3432+(482)3.295 = 1844 and 5020, or the most extreme .1% of al birth weights areless
than 1844 g and more than 5020 g.

e. Convertingto Ibs yields mean 7.5595 and s.d. 1.0608. Then

=1- F(-.53) =.7019 Thisyieldsthe same
1.0608

answer asin part C.

We use aNormal approximation tothe Binomial distribution: X ~ b(x;1000,.03) ~
N(30,5.394)

a  P(x3 40)=1- P(x£39)=1- PaPZEMO

5394 g4
=1- F (1.76) =1- .9608 = 0302
50.5- 30
b, Sof 1000=50 P(x£50)= P& £ 2> 9= F(3,80) » 1.00
& " 5304 4

P(X-m[3s)=P(X£m-s orX3 m+s)
=1-PM-sEXEM+s)=1-P(-1£Z£1)=.3174
Smilaly, P([X-m|3 2s)=1-P(-2£ Z £ 2) =.0456
AndP(|X -m|3 3s)=1—-P(-3£ Z £ 3) =.0026

a P@20-5E£XE£30+.5)=P195£X £305) =P-L1£Z £1.1)=.7286

b. P(at most 30) = P(X £ 30+ .5) = P(Z £ 1.1) = .8643.
P(less than 30) = P(X <30 - .5) = P(Z < .9) = .8159
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50.

51.
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P: 5 6 8
m 125 15 20
S: 250 245 2.00
a
P(15€ X £20) P(14.5 £ norma £ 20.5)
5 212 P(.B0£Z £3.20) =.2112
6 577 P(-20£ Z £ 2.24) = .5668
8 573 P(-275£Z £ .25) =.5957
b.
P(X £15) P(normd £ 15.5)
885 P(z £ 1.20) =.8349
575 P(Z £ .20) =.5793
017 P(Z £-225) =.0122
C.
P(20 £X) P(19.5 £ normal)
002 .0026
029 0329
617 5987
P=.10; n=200; np =20, npq =18
a30+.5- 20¢ o
a P(X£30)—Fg =F (247)=.9932
V18 ﬂ
&9 +.5- 20¢ o

b. P(X <30)=P(X £29) = Fg = F (2.24) = 9875
N

C. PASEXE2D)=PXE£25)-PXE£14)=

ﬂ

&5+.5- 200 F314 5-200

S s 5§ vo

F (1.30) - F (-1.30) = .9032 - .0968 = .8064

N =500, p=.4,m=200, s =109545
a  P(180£ X £ 230) = P(1795 £ normal £ 230.5) = P(-1.87 £ Z £ 2.78) = .9666

b. P(X <175) = P(X £ 174) = P(normdl £ 174.5) = P(Z £ -2.33) = 0099
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53.

54,
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P(X £m+ s[(lOOp)th percentile for std normal])

P(Z£[ .]) = pasdesired

a FRy)=RYLy)= P(aX+b£y)—Pa3X£(ya )Q(fora>0)
(4]

Now differentiate with respect to y to obtain
- 1 - 2
1 o W{y (am+b)]

¢
y(y) = Fy =
fy(y) (y) T2nas

and variance &’s>.

s0Y isnorma with mean am+b

b. Normal, mean 2 (115) + 32 = 239, variance = 12.96

3+351+562¢
o PEZ® D> Sxepd 0= 1587
@ 703+165 g
ae- 2362 §
b. Z>3)» 5xexpc——==.0013
Ae>3) P&300.3333,
s 32944

c. PZ>4)».5xexpc +=.0000317, so

€340.75g
P(-4 < Z < 4) » 1— 2(.0000317) = .999937

e 43929
d. PZ>5» 5xex 9_ 00000029
Az>9) P 3056 5
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Section 4.4

55.

56.

57.

58.

a Qg6)=5=

20_3 do_3 1 o aé-’:_\/—
p
e2g 2 lea 2 2 e2z e [7]

» 1.329

c. K45 =.371fromrow 4, column5of Table A .4
d. FG54)=.735

e FO4)=PXE£0,a=4)=0

a PX£5)=F57)=.238

b. P(X<5)=P(X £5)=.238

c. P(X>8=1-PXX<8=1-F@87)=.313
d. P(3EX£8)=F87)—F(37)=.653

e P(3<X<8)=653

f. PX<40rX>6)=1-PAEXE6)=1-[F67)—F(47)]=.713

a m=20,s°=80 b ab=20,ab’=80 b b= a=5

b. PXE£24)= Fgg—4;59: F(6:5) =.715
ed g

c. P@20E£XE40)=F105) - F(55) = 411

m=24, s?=144 b ab=24,ab’=144b b=6,a=4
a PA2E£XE£24)=F44)—-FH24) =.424

b. P(XE£24)=F(4;4) =.567, so whilethe mean is 24, the median islessthan 24. (P(X £
IT) = .5); Thisisaresult of the positive skew of the gamma distribution.
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60.

61.

Chapter 4: Continuous Random Variables and Probability Digtributions

c. Wewant avalue of X for which F(X;4)=.99. In table A.4, we see F(10;4)=.990. So with
b = 6, the 99" percentile = 6(10)=60.

d. Wewant avaueof X for which F(X;4)=.995. Inthetable, F(11;4)=.995, sot =
6(11)=66. At 66 weeks, only .5% of all transistors would still be operating.

=1

1
a. E(X) = I—

=1

1
b. S :|—

c. PXE£4)=1- eP® =1. ¢* = 982

d. PREXES=1- e WO . [1- e‘(l’(z)]:e‘2 -e°=.129

a PX£100)=1- (100001389 = 1. g 13% = 7499

P(X £200) = 1- @ (20001380 = 1_ o272 = 9375
P(100 £ X £ 200) = P(X £ 200) - P(X £ 100) = .9375 - .7499 = .1876

1

" 01386
P(X > m+ 25) = P(X > 72.15 + 2(72.15)) = P(X > 216.45) =

1- |.1_ e (21645)(.01386)] = @299 — 0408

=72.15,s=7215

c. 5=PXE£M)p 1- (MO0 = 5p g (MOXG = g

- 7(.01386) = In(.5) =.693P i =50

Mean = Il = 25,000 impliesl =.00004

a P(X>20000) = 1- P(X £ 20,000) = 1— F(20,000; .00004) = g (%9209 = 449
P(X £ 30,000) = F(30,000; .00004) = " -2 = 699
P(20,000 £ X £ 30,000) = .699- 551 =.148
1
b. S =I— = 25,000, so P(X > m+ 2s) = P(x > 75,000) =

1— F(75,000;.00004) = .05.
Similarly, P(X > m+ 3s) = P( x > 100,000) = .018
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63.

64.

65.
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1 n
a EX)=ab= nl_ = l—; forl =.5n=10,E(X)=20
b. PX£30)= FE@;mQ: F(15;10) =.930

e2 g

c. PXEt)=Paleastneventsintimet) =P(Y 3 n)whenY ~ Poisson with parameter I t .

o ste't(it)
ThusP(X £f)=1-P(Y <) =1-RY£n-1) =1- § e
k=0 :

a {X*4=A1CA2CA3CA4CAs

b, POX® ) =P(A1) XP(A2) P(Az) P(As) (As)= (€1 =€ soR)=RXE

=1- €% ft)=.05e %" fort® 0. ThusX also haan exponential distribution , but

with parameter | =.05.

c. Bythesamereasoning, PX £f)=1- e "
parameter nl .

, S0 X has an exponential distribution with

With x, = (100p)th percentile, p=F(x)=1-€ ' ** b €' =1- p,
P -1x,=In1- p)P X, =M. Forp=5,xs = m:f’;ﬁ.

a {X2£y}:{- ﬁﬁXEﬁ}

b. PX?£y)= e Zz/2dZ . Now differentiate with respect to y to obtain the chi-

S5 1
On 20

squared p.d.f. withn =1
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Section 4.5

66.

a E(X)= 3G€'i+—$— 3 ><38@—19— 2.66,

Var(X)—QeG(1+1 GZEL_T =1.926

b. PXE 6)=1- e ®P" =1- ®¥ =1. ¢4 = 982

¢ PL5EX£6)=1- ¢ . ll- e (1'5’3)2J =e®-e*=.760

67.
a  P(X£250)=F(250:25, 200) = 1- @ (®0/200%° —1_ o175 5, 8057
P(X < 250) = P(X £ 250) » 8257
P(X > 300) = 1— F(300; 25, 200) = & ®*° = 0636
b. P(L00£ X £ 250) = F(250;25, 200) - F(100;25, 200) » .8257 - 162 = 6637
c. Themedian IT isrequested. Theequation F( IT) = .5 reduces to
~ 25
e m & _
5= ™207 o 15 - B9 o i = (6931)%(200) = 172727,
2200 g
68.

(x- 35)

a Forx>35FX =P(X£X)=P(X-35£x-35)=1-¢€

b. EX-35=15 ®0_1329% E(X) = 4.829
e2g

Va(X) = Va(x - 35) = (L5)’ gG(Z) G 853 O 483
€ 24

c. PX>5=1-PX£5)=1- [1- e‘lj =e'=.368

d PGEXEG=1-e°-|l- e!|=¢?- e°=.3679- .0001=.3678
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69.

70.

71.

72.

a

b.

C.

d.

X

a

b.

C.

a

b.

C.

— a a1 (}’b)a _ _a(i.ja _
m—Qxxb—ax e dX—(aftery—gEE,dy—

Chapter 4: Continuous Random Variables and Probability Digtributions

¥

\

ax??!

a

dx)

‘¥ ) 1 .
b Q y%e Ydy =b >G?.+ a—%ﬂby definition of the gamma function.

5=F(M=1-e™¥ p
e™'®=5p ii?=-9In(5) =6.2383P =250

1- el®3915° = 5p (M- 35)2=-2251n(5)=15506b 7 =475

P=F(x)=1-€ (x% )a P (%/b)* =-In(L—p) P x,=b[-In(L-p)]"

The desired value of t isthe 90" percentile (since 90% will not be refused and 10% will
be). From c, the 90" percentile of the distribution of X — 35is 1.5] -In(.1)]Y? = 2.27661,
0t=35+22761=5.7761

~ Weibull: a=20,0=100

F(x,20,b)=1- ¢ Iy e ®" =1. 070=.930

F(105)- F(100)=.930- (- e*)=.930- .632=.298

X

50=1-e® p ¢ = 50p -(x)? =In(50)

100

a"%é?:zom(. 50) b - x =100{%in(50) )b x =98.18
e (%]

s 20
E(X)=e® ?o=¢*2=123.97
V(X) = (6249+#) e # - 1)= (15,367.34)(8964) = 13,776.53
s =117.373

F(0.13)=.5517

I(100) - 4.5
P(x£100) = P& £ %9:
e .

7]

P(x3 200) = P&z wgzl- F(1.00) =1- .8413 =.1587 = P(x > 200)
e E a
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EX) = e35+(1.2)2/2: 68,0835 V(X) = e2(3.5)+(1.2)2 >{e(1.2)2 - 1): 14907168:

Sy = 122.0949
& . In(250) - 3506 In(50) - 3.56
e x £250) = PRy £ 2207 330 b8 ¢ ING0) - 350
e 12 g e 12 I}
P(Z £ 1.68) — P(Z £ .34) = .9535 - .6331 =.3204.
g . In(680339 - 3.5¢
P(X £680335) = PcZ £ +=P(Z £ .60) = .7257. Thelognormal
e 1.2 2
distribution is not a symmetric distribution.
(- pEN(M - m )
S5=KI)= (where I refersto the lognormal distribution and mand
ﬂ
s tothe normal distri bution). Since the median of the standard normal distributionis0,
In(m)-m _ ~ ~ N
————=0,s0In(T)=mp M =e™. For the power distribution,
S
im=e* =3312

1.a:|:(z‘,i):|:’(z£za):gﬁrMEZG1 Q- P(n( X) £ m+sz,)
e S (%]

=P(X £ €™°%), sothe 100(1 - a)th percentileis €™ . For the power distribution,
the 951 percentileis @351:699(1-2) = 5474 = 93841

E(x) = €%(%0/? = g5%% = 149,157; var(x) = €*® e - 1) = 223,504

P(X > 125) = 1— P(X £ 125) =
1P & 1129 - 56_

=1- F(- 1.72) = 9573
e 1l o

aén(llO) 50
¢ 1
e - 2

P10£ X £125) =F (- 1.72) - =.0427- .0013=.0414

if =e> =148.41 (continued)
P(any particular onehas X > 125) = .9573 b expected # = 10(.9573) = 9.573

We wish the 5™ percentile, which is €% 169 = 12590
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76.
a EX)=e¥%'? =10024; va(x) = €38+ ><(e-81 - 1) =125.395, 5,=11.20

b. P(X £10) = P(In(X) £ 2.3026) = P(Z £ .45) = 6736
P(5£ X £ 10) = P(1.60% £ In(X) £2.3026)
=P(-32£Z £ 45) = 6736 - .3745= 2001

77. The point of symmetry must be 3, so we require that f (% - m) =f (% + m) e,

B-m ' E+m = +m (- M whichintum impliesthata =b.

78.
10

* RO @6

===.714,V(X)= 0255

~Nlo

(5+2)
b. f(X):a§%§5XX4 >(]_- X)=30(X4- xs)for0£X£1,

SOP(X £.2) = Q'Z:%o(x4 - x5)1|x =.0016
c. P(2EXE 4= (530(x4 - x5)dx=.03936

d EQ-X)=1-EX)=1- 3252.286

79.

e GogE o GRc be  a
cla+b) Cla+1cb) _ ac) _ ca+b) _ a

da+b) a+b

~—

Ga)db) Ga +b+1) Gla)db) @ +b

b. E@1-X)"= é(l- x)" %x“(l- x)°*dx

mb1 . Cla+b):Gm+b)

A A Ny ()
b

a+b

- G(a +b) xlxa-1
ca)db)?

Form=1E1-X)=
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80.
a EY)=10p EEEY 0_1__ 3 .\am=19, Vargiézﬁzi
620 2 a+b 7 é20g 2800 28
zab P a =3, b =3, after some agebra
(@ +b)*fa +b +1)
b. RBEXE1)= Fz 330 F&0 530-F(s39-F4:39).
€20 g é20 g
The standard density function hereis 30y2(1—y)?,
SOPBEXE£12) = (‘530y2(1- y)dy=.365.
c. Weexpectittosnapat 10,s0P(Y <8orY >12)=1-PB£ X £12)
=1-.365=.665.
Section 4.6

81. The given probability plot is quite linear, and thusit is quite plausible that the tension
distribution is normal.

82. The z percentiles and observations are as follows:

percentile observation

-1.645 152. 7

-1.040 172.0 -
-0.670 172.5 400

-0. 390 173.3

-0.130 193.0

0. 130 204.7 E w0

0. 390 216.5 = L

0. 670 234.9 200 <’

1. 040 262.6 . e

1. 645 422. 6 — . . . .

z %ile

The accompanying plot is quite straight except for the point corresponding to the largest
observation. Thisobservation is clearly much larger than what would be expected in anormal
random sample. Because of thisoutlier, it would be inadvisable to analyze the data using any
inferential method that depended on assuming anormal population distribution.
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84.
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The z percentile values are as follows: -1.86, -1.32, -1.01, -0.78, -0.58, -0.40, -0.24,-0.08,

0.08, 0.24, 0.40, 0.58, 0.78, 1.01, 1.30, and 1.86. The accompanying probability plot is
reasonably straight, and thus it would be reasonabl e to use estimating methods that assume a
normal population distribution.

1.8 —

13 — a®

thickness

0.8 —

z %ile

The Weibull plot uses In(observations) and the z percentiles of the p; values given. The
accompanying probability plot appears sufficiently straight to lead us to agree with the
argument that the distribution of fracture toughness in concrete specimens could well be
modeled by aWeibull distribution.

w
0.0 — L
]
-0.1 —H . « [}
»
-0.2 —H ab
»
a®
-0.3 — a”
=
< a
c 04 — -
_05 -
w
-0.6 —
-0.7 —
w
-0.8 —
T T T T T
2 1 0 1 2
z %ile
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The (z percentile, observation) pairs are (-1.66, .736), (-1.32, .863), (-1.01, .865), (-.78,
913), (-.58, .915), (-.40, .937), (-.24, .983), (-.08, 1.007), (.08, 1.011), (.24, 1.064), (.40,

1.109), (.58, 1.132), (.78, 1.140), (1.01, 1.153), (1.32, 1.253), (1.86, 1.394). The

accompanying probability plot is very straight, suggesting that an assumption of population
normality is extremely plausible.

1.4 — »

1.3 —

1.2 —

11 — | ]

obsvn

1.0 — "

0.9 — Dl

0.8 —

0.7 —

a.  ThelOlargest z percentilesare 1.96, 1.44, 1.15, .93, .76, .60, .45, .32, .19 and .06; the
remaining 10 are the negatives of these values. The accompanying normal probability
plot isreasonably straight. Anassumption of population distribution normality is

plausible.
500 — [
400 —| . ®
a
2 300 —| e ®
% «®®
S 200
-l
100 —| R
[ ] a
L]
0
T T T T T
2 1 0 1 2
Z %ile
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b. ForaWeibull probability plot, the natural logs of the observations are plotted against
extreme value percentiles; these percentiles are -3.68, -2.55, -2.01, -1.65, -1.37,-1.13, -
.93, -.76, -.59, -.44, -.30, -.16, -.02, .12, .26, .40, .56, .73, .95, and 1.31. The
accompanying probability plot isroughly as straight as the one for checking normality (a
plot of In(x) versusthe z percentiles, appropriate for checking the plausibility of a
lognormal distribution, is also reasonably straight - any of 3 different families of
population distributions seems plausible.)

In(loadiife)
o
|

W %ile

To check for plausibility of alognormal population distribution for the rainfall data of
Exercise 81 in Chapter 1, take the natural logs and construct anormal probability plot. This
plot and anormal probability plot for the original data appear below. Clearly the log
transformation gives quite astraight plot, so lognormality is plausible. The curvaturein the
plot for the original dataimplies apositively skewed population distribution - like the
lognormal distribution.

3000 — 8 —

2000 —

rainfall
1 ]
«
In(rainfall)
N

1000 — » S .

,uﬂ"'. 1
0— » v mase®I" 2
T T T T T
2 -1 0 1 2

z %ile

z %ile

159



Chapter 4: Continuous Random Variables and Probability Digtributions

a. Theplot of theoriginal (untransformed) data appears somewhat curved.

precip

z %iles

b. Thesquareroot transformation resultsin avery straight plot. It is reasonable that this
distribution is normally distributed.

2.0 1
e
L
1.5 °
A t”
a __l'
-
niw
1.0 - N
amn
»
.
-
0.5
T T T T T
2 1 0 1 2
z Yiles

C. The cube root transformation also results in avery straight plot. It isvery reasonable that
the distribution is normally distributed.

16 —

=
2
— o
3 11 pus®
pan
_—
-
06 —
T T T T T
2 1 0 1 2
z %iles
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89. The pattern in the plot (below, generated by Minitab) is quite linear. It
is very plausible that strength is normally distributed.

Normal Probability Plot

.999 1
.99 A
.95

.80
.50 A

Probability

20
.05 4
01
001 4

Average: 134.902
StDev: 4.54186
N:153

125 135

strength

145

Anderson-Darling Normality Test

A-Squared: 1.065
P-Value: 0.008

90. We use the data (table below) to create the desired plot.

ordered absolute z
values (w's) probabilities values
0.89 0.525 0.063
1.15 0.575 0.19
1.27 0.625 0.32
1.44 0.675 0.454
2.34 0.725 0.6
3.78 0.775 0.755
3.96 0.825 0.935
12.38 0.875 1.15
30.84 0.925 1.44
43.4 0.975 1.96
2 [ ]
e
1]
% [ ]
Ele
N [
[ ]
[ )
[ ]
o le
T T T T T T T T T T
0 5 10 15 20 25 30 35 40 45

Thishalf-normal plot reveals some extreme values, without which the distribution may appear

to be normal.
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The (100p)th percentile h(p) for the exponential distribution with| = 1 satisfies F(h(p)) = 1—
155

expl-h(p)] =p.i.e, h(p) =-In(1-p). Withn=16, weneedh(p) forp= =,32,...,22.

These are .032, .398, .170, .247, .330, .421, .521, .633, .758, .901, 1.068, 1.269, 1.520, 1.856,
2.367, 3.466. this plot exhibits substantial curvature, casting doubt on the assumption of an
exponential population distribution. Becausel isascale parameter (asiss for the normal
family), | = 1 can be used to assess the plausibility of the entire exponential family.

600 —
L J
500 — »
400 —
u @ .
Q
£ 300 o ®a
8 v
200 —| 21"
100 4
0o— &
T T T T T T T T
00 05 1.0 15 20 25 3.0 35
percentile

Supplementary Exercises

92.

10
a PIOEXE2)= —=4
25

b. PX:3 10)=P(10£X£25)=§=.6

X

c. For 0EXE£25 KX = Q%dyzz—);. F(x)=0for x <Oand=1for x> 25,

2
0 oo AtB)_(0+2) oy (B A 85 o
2 2 12 12
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94,

C.
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i 0
- . y<0
| 3
=118 Y% opyen
148 185 o
i1 Y

P(Y £ 4)=F(4) = 259, (Y >6)=1-F(6) = 5
P(4£X £6)=F6)— F(4)=.5-.259= 241

_le yo, 167 yiu_
EY)= = y*el- 22dy=— & =6
=20V 5" uEs 8%
E(Y?) = iéz y3$'i- lgdy=43.2,soV(Y):43.2—36:7.2
24 e 12g

PY <4orY >8)=1-PAE£X £8) =518

the shorter segment has length min(Y, 12-Y) so
Emin(y, 12- V)] = & min( y12- y) xf (y)dy= min(y.12- y) xf (y)dy

K

i -3 X 2 - X :@:
+Q Min(y12- y) xt (y)dy=QyxT(y)dy+@ (12- y)xf(y)dy = —-=.375

Clearly f(x) 2 0. Thec.df.is,forx>0,

. e 2 1 3 U 16
R iR o S e

(F(x)=0forx £0.)
Since F(¥) = (‘i f (y)dy =1, f(x) isalegitimate pdf.

See above

16 166_
2EXEB)=F5)-F2)=1- —- = =247
¢ 5 =F5-F?2 a1 ? B,

(continued)

163



95.

96.

Chapter 4: Continuous Random Variables and Probability Digtributions

o

E(x):c‘iXXf(x)dx:&xxidxzé(x+4— )2

e o
¥ 32 ¥ 32 _ _
_Q(X+4)2dX- 4Q(X+4)3dx—8-4—4
¥ 100 32 ¥ 1 3200
. E(sa aug)= =) ——x———dx=3200¢ dx= =16.67
e 2 Ea ] 2 e T

a. By differentiation,

i x? 0f x<1
=113 1gyel

i4 4 3

i O otherwise

3
b. P(5EXE=F2)—F(5)=1- E88—7-2‘3"€-§>Q9-ﬂ:£=.917
2e3 @4 4 g 3

c. EX)= lexxzdx+(;)%x>€4- %xgdx—%—lﬂs
e a

m=40V; s=15V

aéLZ 400 8(39 400
$15 5 ' § 15 5
= F(1.33) - F (-.67) = .9082 - .2514 = 6568

a PBE9<X<42)=F

b. Wedesirethe 85" percentile: 40+ (1.04)(1.5) = 41.56

c. PX>42)=1-P(X£42)=1 - Fged'z 400_,. F (1.33) =.0918

(%]
Let D represent the number of dlod&e out of 4 with voltage exceeding 42.

PD3 1)=1-PD=0)=1- gg(.ogls)"(.gosz)“:l- 6803= 3197
a
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m=137.20z.; s=1.60z

2 Prx>139-1- FE35- 13726,

2=1- F(-1.38)=1- .0838=.9162
é o

b. WithY =the number among ten that contain more than 135 oz,
Y ~Bin(10, .9162, so P(Y 3 8) =h(8; 10, .9162) + h(9; 10, .9162)
+b(10; 10, .9162) =.9549.

c. m=1372: 1%-137.2_ 165b s =1.33

S

a Let S=defective. Thenp=P(S)=.05;n=250p m=np=125,s =3.446. The
random variable X = the number of defectivesin the batch of 250. X ~ Binomial. Since
np =12.53 10, and nq = 237.53 10, we can use the normal approximation.

POXoin® 25)» 1 - FEor>" 12901 £ (3.48)=1- .9997 = 0003
e 3446 gy

b.  P(Xpin = 10) » P(Xporm £ 10.5) - P(Xnorm £ 9.5)
=F(- .58)- F(- .87)=.2810- .1922= 0888

a PXX>100)=1- Fgé%?:l- F(29)=1- .6141=.3859
e %)

b, P(50<X<80):|:§0' %Q_Fgéo' %66
e 14 g ¢ 14 g

=F (-15) - F (-3.29) = .1271 - .0005 = .1266.

c. a=5" percentile= 96 + (-1.645)(14) = 72.97.
b=95" percentile= 96 + (1.645)(14) = 119.03. Theinterval (72.97, 119.03) containsthe
central 90% of all grain sizes.
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100.
a FX)=0forx<land=1forx>3. Forl£xX£3, F(x)=c‘i f(y)dy
= O0dy+ ¢ —x—dy 151¢1- —=
= 0,0+ 9 g 0
b. P(X£25)=F25)=151-.4)=.9; (L5£x£25)=
F(25) - F15)= 4
3 31 331 3
c. EX)==Qx*=x—=dx=—0n—dx=1.5In(x)|, =1.648
®==0 2 x° 7 9% M)]
N 31 33
d E(X)—=Qx x—x—dx-—de 3,20 V(X) = E(X?) - [E(X)]* = 284,
2 x°
s =553
i 0 1£X£15
e h}=1x-15 15£XE25
g 25EXE3
25 3 1 3. 3 1 _
0 E[h(X)] = = ). (x- 1.5) Xz O QL dx = 267
101.

(%)

b. FX)=0forx<-lor==1forx>2 For-1£X£2,

x1 5 le x*0 11
F(X)=—\4- =—CAX- —3+—
) QQ( y )dy 9§ 3g 27

c. ThemedianisOiff F(0) = 5. Since F(0) = 3, thisisnot the case. Because 1< .5, the
median must be greater than 0.

d. Yisabinomia r.v.withn=10andp=P(X>1)=1- F(l)——
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=1075

PBO<X)=1-P(XX £30)=1-F30) =339 = o614
P(LOE X £ 3.0) = F3.0)— F(1.0)=.333

The 90" percentile is requested; denoting it by ¢, we have

9=F()=1-e"9* whencec = (Y _ 2.476
-.93)
P(X £ 150) = exp3~ ap?%% exp[- exp(0)] = exp(- 1) =.368 , where
e e

exp(u) = €". P(X £300) = exp| - exp(- 1.6667)] =.828,
and P(150 £ X £ 300) = .828 - .368 = .460.

The desired value c is the 90" percentile, so ¢ satisfies
é c- 150) & . . . .
9= eXpa enga(T)i Taking the natural log of each side twice in succession
e e

- (c- 150)

yieldsIn[ In(.9)] = , S0 ¢ = 90(2.250367) + 150 = 352.53.

x) = FIX) = ixexpg expe (x- a)%mxpae (x-a)
b g CPET T AeRET

We wish the value of x for which f(x) is amaximum; thisisthe same asthe value of x for
din{f(x ,
In(f N _ g gives

which In[f(x)] isamaximum. The equation of q
X

2 (x-a)o - (x-a)

expngzl, so

E(X) =.5772b + a = 201.95, whereas the mode is 150 and the median is
—(90)In[-In(.5)] + 150 = 182.99. Thedistribution is positively skewed.

=0, whichimpliesthat x =a. Thusthe modeisa.

c

E(cX) =cE(X) = |

d.5 - a

¥
Elc1- 5™ = cll- .5e™ |4 e *dx =
ot 5] = )k P e =2
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105.
a.  Fromagraph of f(x; ms) or by differentiation, x* =m
b. No; the density function has constant height for A £ X £ B.
c. Hxl)islargest for x = 0 (the derivative at 0 does not exist since f is not continuous
there) so x* = 0.
a X
d. I f(xa,b)=-In(b?)- In(Gla))+(a - )In(x)- o
d a-1 1
—In fixa,b)]=——-—b x=xX=(@ -1b
S fxa,b)l==—=-— @-1
e. Fromd x* =(°:;e—‘- 15(2)=n - 2.
€2 g
106.

a  Q f(¥dx=,ledx+ ().1e dx=5+ 5=1

010 —
0.09 —
0.08 —
0.07 —
0.06 —
0.05 —

fx

0.04 —
0.03 —
002 —
0.01 —

0.00 —

X

b. Forx<O,FXx)= Q Je?dy = % e*.

1 X .2 1 .2
Forx3 O,FX) ==+ .1le “Ydy=1- —e “*.
2 Q y 2

c. PX<0)=F0)= %:,5, P(X <2)=F(2)=1- .5 = 665,

P(1EX £2)—F(2)— F(-1)=.256,1- (2£ X £2) = 670
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107.
¥
a. Clearly f(x;11,15,p)3 Oforal x, and Q f(xl 4,15, p)dx

—Q[pl ' +(1- p)le' ]dx pQIle " dlx + (1 - p)QIZe 2 dix
=pt(1-p=1

b. Forx>0,Fxl,12, p)=éf(w Lo, p)dy=p- e') +(1- p)d- e'?).

e EX= xdpl ')+ p)l e H)x
v oo Yoo 1- p)

— N\ I led + 1_ hY XI |2Xd — p +(
pQ Xl & “dx+(1- p)g X & “dx T

1 l 2

2 2p . 21- ép (1- p)u
d. E(X)__p+ (lzli)),sovar(x):_f+ (Izp)_é|£+(| p)Lj
1 2 1 2 €1 2 U
e. For anexponential r.v.,CV = }/ =1. For X hyperexponential,
é u}/z
é2p,2(-p) G
é 2 2 , N
Cv_g'l—'zz_lu _§2(pI§+(1- D)l f) 197
Tgep o) g & )
e+ &pl ,+@- pI,)" g
gala 120 H

2 2
(pl 2+ (- p)l 12 . But straightforward algebra shows that r >
(pl 2 +(1' p)| 1)

1provided | ; 1 | ,,sothat CV > 1.

=[2r—1)Y? wherer=

n n n
—_, s?=— S0 S :I— andCV:i<1ifn>l.

| 2 Jn
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108.
¥ k 5la N
a 1:Q—adx kx——pb k= (a - 1)5 & wherewe must havea > 1.
X a-1
AY "a'l
b. Forx3 5 FXx)= Qidy g € 1. 119= . gé_59
& xty exg
¥ k ¥ k k
c. EX)= Qxx—dx= x*x—dx= , provideda > 2.
Q X2 Q N 5a-2 ><a _ 2)
N a-1
d. Pg’ng——E y2=pP2 e’ 0= P(x £5¢") = F(se’)=1- B0
ebg eb o} ese’ g
1- e - 1)y,the cdf of an exponential r.v. with parameter a - 1.
1009.
&, 0
a.  Alognormal distribution, since In g—: isanormal r.v.
li g
5 o
o, (1, >21)=pfe > 2% pdn e §>|n2——1 P ogglnz—
Ii o éli a || a
@n2-10_1 r( g14)=1
ﬂ

o) o]
c Eg; Q_gronsz _p7n Varg—: @2+0025 ><(e.0025 ) 1) - 0185
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1.0

0.5 —

c2

0.0 —

T T T T T T
0 50 100 150 200 250

C1

(i
b. P(X>175)=1-F(175;9,180) = € & - 4602
P(150 £ X £ 175) = F(175; 9, 180) - F(150; 9, 180)
= 5398- .1762 = .3636

c. P(atleast one) = 1— P(none) = 1 — (1 - .3636)> = .5950

x o
d. Wewant the 10" percentile: .10=F(x; 9, 180)= 1- € ] . A small bit of algebra
leads usto x = 140.178. Thus 10% of all tensile strengths will be lessthan 140.178 MPa.

) s (ym L,
Fy)=P(Y £y)=P(sZ+mEy) = PRZ £ y-mo_ & L &%z Now
e S o J2p
differentiate with respect to y to obtain anormal pdf with parameters mand s.

=AY £y) =Peox £y) = PEX £ L= FEY :a? Thust
a K=K y) =H y) g 804 gﬁaﬂ us fy(y)

Y
&y . 9\/ 1 _ ya-1e60b

€600 5 600 ~(60b)* )
with parametersa and 60b.

=f , Which shows that Y has a gamma distribution

b. Withcreplacing60in a, the same argument showsthat cX has agammadistribution
with parametersa and cb.
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Y =-n(X) b x=¢Y =Kk(y), sokdy) =-€”. Thussincef(x) =1,
gly) =1x-e¥|=¢eY for0<y<¥, soy hasan exponential distribution with parameter |
=1

y=sZ+mb y=h()=sZ+mb z=k(y) = M andkd(y):i,fromwhichthe
S S

result follows easily.

1
y=hX)=cx b x=k(y) = Y and kq(y) = —, from which the result follows easily.
C C

Ifweleta =2 and b = +/2s , thenwecan manipulate f(v) asfollows:

f(n)zlze-nz/zs2 _ 2 ne s’ = 2 nz-le-(n/‘/_%)2 _4a
S

2g 2 («/_S)Z b?

whichisinthe Weibull family of distributions.

a1y (%)2

n

200 -2

F(n)ZQZS%e%dn;cdf: F(‘|;2,—\/_$):1- e_ 50=1-@™ g0

F(25:2,42)=1- ¥ =1- 458 = 542

Assuming independence, P(all 3 births occur on March 11) = (3—25)3 =.00000002

() (365) = 0000073
Let X = deviation from due date. X~N(0, 19.88). Then the baby due on March 15 was4
daysearly. P(x =-4)" P(-45<x<-35)

=p@350 2 450 (. 18). F(- 237)=.4286 - .4000 =.0196 .
€l9.88g &19.88g»

Similarly, the baby due on April 1 was 21 days early, and P(x = -21)

-F& 2050 g2 21-30_ (1 03)- F(- 1.08) =.1515 - 1401 =.0114.
21988 g ¢é19.88 g

The baby due on April 4 was 24 days early, and P(x =-24) ~ .0097

Again, assuming independence, P( al 3 births occurred on March 11) =
(.0196)(.0114)(0097) = .00002145

To calculate the probability of the three births happening on any day, we could make
similar calculationsasin part c for each possible day, and then add the probabilities.
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116.
| e
a Fx=le' adFx)=1- &' sor(x)= ——=| , aconstant (independent of X);
(S
thisis consistent with the memoryless property of the exponential distribution.
0
b. rx)= gb— x?"1: for a > 1 thisisincreasing, while for a < 1 it is adecreasing function.
(%]
X0 é x? u “age %3
c. In(l-FX)=- Oagl —xx=-aax- —P F(x)=1-e 2
b g € 2by
A
f6)=a —12e R 0E£XED
b g
117.
a F= PE Iiln(l- U)£x3=P(In(1- U) -1 x)=PL- U3 ')
e (%]
= P(U £1- e"x) =1- e '*since Fy(u) = u (U isuniformon [0, 1]). ThusX hasan
exponential distribution with parameter | .
. . . 1
b. By taking successive random numbers uy, Uy, Ug, ...and computing X, = - 1—|n(1- u, )
... we obtain a sequence of values generated from an exponential distribution with
parameter | =
118.

a. E(g(X)) » E[g(m +gqm(X - m] = E(g(m)) + g&m*E(X - m), but E(X) - m= 0 and E(g(M)
=g(m ( since g(M is constant), giving E(g(X)) » g(m.
V(g(X)) » Vg +gam(X - m] = V[gm(X - m] = (@m)>¥/(X - m) = (gm)*x/(X).

b. g(l):TV,gq.):'l_ZV,soE(g(.)):

.2

V(gu))»‘%v% W) S =
(%]

Y=Y
m 20

119.  g(m +gdqm(X - m £ g(X) impliesthat E[g() + g&m)(X - m] = E(g(M) = g(m £ E(9(X)). i.e.
that g(E(X)) £ E(9(X)).
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2 " 2 ® b )
120 For y>0, F(y) = P(Y £ y) = Peor—£ yo= PEX” £ 2 Y= pex E—\NT. Now
b 5 & 25 & 23

by

take the cdf of X (Weibull), replace x by T , and then differentiate with respect to y to
2

obtain the desired result fy (y).
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